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Dawson- Watanabe  superprocesses  (Xt),  over  a  Markov  process  (£t),  are  usually 
defined  by  transition  supersemigroups  Qt(fi,di/).  The  Laplace  transform  of  Qt  is 
determined  by  a  nonlinear  semigroup  (Vt),  which  is  obtained  as  the  perturbation  of 
Markov  semigroup  (Tt)  (given  by  £)  by  a  branching  mechanism  ty . 

In  the  first  part  of  this  work  we  establish  a  general  analytical  framework  for 
nonlinear  perturbations  of  positive  semigroups,  which  preserve  positivity.  The  semi- 
groups involved  are  only  weakly  measurable  with  respect  to  the  subspace  M  of  the 
space  of  linear  functionals.  The  well-known  results  on  superprocesses  by  Fitzsimmons 
and  Watanabe  are  obtained  as  special  cases.  In  this  fashion  (Xt)  can  be  defined  as 
M-valued  process,  in  general.  Very  useful  and  new,  Fubini-type  lemma  is  applied 
several  times  in  this  part;  among  other  things  to  estimate  (Vt)  from  below  and  above 
in  terms  of  the  Kac  semigroup  of  (Tt). 

In  the  second  part  we  analyze  (Xt)  through  (Vt)  and  (Qt)-  We  start  by  detailed 
account  of  one-dimensional  superprocesses  (studied  by  Lamperti  in  the  late  sixties). 
Some  new  formulas  for  (Vt)  and  (Qt)  are  derived.  These  results  are  then  used  to  give 

iv 


detailed  description  of  "component  processes"  (X*)  (which  depends  only  on  $)  and 
(X'( F)  (which  depends  only  on  ().  The  new  notion  of  a  measure  on  rays  is  introduced 
to  obtain  the  description  of  (X*).  It  is  shown  that  (Qt)  can  be  approximated,  by 
Trotter-Kato  type  formula,  using  (X*)  and  (X{).  Some  explicit  examples  are  given. 
It  is  shown  that  in  the  case  of  Markov  chain  (£t),  the  local  behaviour  of  (Xt)  can  be 
obtained,  by  means  of  Cameron-Martin  formula,  from  (X*).  Finally,  for  deterministic 
(£t)  the  explicit  formulas  for  (Xt)  are  obtained,  which  show  that  "the  mass"  of  (Xt) 
is  governed  by  $,  while  the  "spatial  movement"  of  (Xt)  is  governed  by  (£t).  In 
section  3.2  a  Zero-One  law  for  Brownian  motion  is  obtained,  which  complements 
Engelbert-Schmidt  Zero-One  law. 


CHAPTER  1 
INTRODUCTION 


Discrete-valued  branching  processes  were  studied  in  the  19th  century  as  math- 
ematical models  in  a  discussion  of  the  survival  of  family  names.  In  this  century 
applications  broadened  toward  studies  of  the  survival  of  mutant  genes,  nuclear  chain 
reactions,  and  many  others.  Considering  the  problem  of  population  growth,  it  was 
suggested  by  William  Feller  that  in  the  case  of  large  populations  continuous  models 
work  better  than  discrete  ones  (which  are  succesful  in  the  case  of  relatively  small 
populations).  He  presented  his  programme  to  the  mathematical  public  in  1951  [26]. 
In  this  paper  Feller  introduced  a  class  of  diffusion  processes,  with  values  in  the  set  of 
positive  real  numbers,  which  can  be  obtained  as  limits  of  discrete- valued  branching 
processes.  Feller  also  computed  the  transition  probabilities  of  these  diffusions  and 
characterized  them  in  terms  of  corresponding  differential  equations. 

The  consequences  of  Feller's  work  [26]  are  extensive,  and  we  will  not  attempt  to 
follow  all  of  them.  However,  two  lines  of  developments  coming  from  Feller's  work  [26] 
are  important  to  us.  We  will  see  that  this  two  lines  later  merged. 

The  first  of  these  two  lines,  and  rather  central  to  us  (although  it  appeared  later 
than  the  second  one),  started  with  the  pioneering  work  [8]  of  Donald  Dawson  in 
1975.  Dawson  followed  the  line  of  extension  of  Feller's  consideration  to  the  space- 
time  context.  Namely,  although  Feller's  diffusions  are  continuum  valued,  they  are 
models  for  the  number  of  individuals  (or  total  mass)  of  a  population.  The  idea  was 
later  to  find  models  for  populations  distributed  in  space,  which  are  changing  through 
time.  Such  processes  will  have  to  be  measure-valued,  and,  as  it  was  already  noticed 
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before  1975,  will  be  described  by  nonlinear  stochastic  evolution  equation.   Dawson's 

idea  was  to  consider  n  individuals  of  equal  mass  located  at  n  points  yj, . . .  ,yn  in  the 

space  E  C  Rd.   Each  individual  has  an  exponentially  distributed  lifetime  with  mean 

I/7,  and  at  the  end  of  its  lifetime  it  is  replaced  by  r  similar  offspring  with  probability 

pT,  all  initially  located  at  the  final  position  of  their  parent.    Each  individual  moves 

independently  through  space  E,  according  to  the  given  law  of  a  Markov  process 

(£t),  whose  infinitesimal  generator  we  denote  by  A.    If  N(t)  is  the  total  number  of 

individuals  at  the  moment  t,  then  the  mathematical  model  for  the  situation  above  is 

the  branching  diffusion 

N(t,u) 

x?H  =  E  <W)  >  (i-i) 

1=1 

where  8y  is  the  point-mass  at  y  £  E.   The  continuous  analog  of  (X")  led  Dawson  to 
the  stochastic  evolution  equation 


dX(t)  =  (A  +  a)X(t)  dt  +  yj2-yX(t)dB(t)   ,  (1.2) 

where  B(t)  is,  so  called,  Brownian  motion  with  spatially  correlated  increments.  The 
main  technical  difficulty,  in  giving  a  mathematical  meaning  to  equation  1.2,  is  the 


appearance  of  the  non-Lipschitz  factor  J2^X(i).  By  treating  the  characteristic  func- 
tional of  (X")  through  the  application  of  semigroup  theory,  Dawson  succeded  in 
defining  rigorously  measure- valued  process  (Xt),.  which  can  be  understood  as  the  so- 
lution of  1.2.  He  also  showed  that,  by  properly  adjusting  the  parameters,  (Xt)  is  the 
limiting  case  of  branching  diffusions  (X")  as  n  — >  +00.  It  was  done  in  the  case 
when  (£t)  is  a  standard  Brownian  motion,  and  po  —  1/2  —  2a/n,  P2  =  1/2  +  2a/n. 
The  process  (Xt)  is  the  example  of  what  was  later  to  be  named  superprocess.  In 
doing  so  Dawson  not  only  offered  one  of  the  main  ideas  for  construction  of  superpro- 
cesses,  but  also  gave  the  intuitive  meaning  to  (Xt)  as  the  mathematical  model  for 


the  propagation  of  a  group  of  individuals  (or  cloud  of  particles,  for  example)  through 
space  and  time. 

In  the  succeeding  few  years  Dawson  outlined  main  directions  in  the  study  of 
multiplicative  (i.e.  branching)  stochastic  measure  diffusion  processes,  as  he  called 
them  then,  or  superprocesses,  as  most  of  the  authors  call  them  today.  His  programme 
was  carried  through  most  of  the  eighties.  At  the  end  of  the  eighties  and  the  beginning 
of  the  nineties  several  new  ideas  emerged,  but  we  will  say  more  about  it  later. 

Except  for  the  paper  [8],  two  other  papers  in  the  late  seventies  were  crucial  for  the 
development  of  the  theory  of  superprocesses.  In  1977  Dawson,  in  his  paper  [9],  studied 

the  limiting  behaviour  of  superprocesses,  i.e.,  the  behaviour  of  Xt  as  t  >  +oo.   In 

particular,  the  questions  of  extinction  and  of  the  existence  of  invariant  distribution 
were  studied.  This  line  of  study  was  continued  and  developed  [11],  [19],  [32].  I.  Iscoe 
[34]  introduced  weighted  occupation  time  processes  and  investigated  their  behaviour 
when  t  — >  +oo. 

Another  important  early  paper  was  published  in  1979  by  Dawson  and  Hochberg 
[12].  In  this  paper  local  properties  were  studied,  i.e.,  if  we  fix  t  >  0,  then  we  can  ask 
questions  about  the  nature  of  the  measure  Xt.  In  many  cases  it  is  a  singular  measure, 
so  the  questions  about  the  support  of  Xt  naturally  came  into  consideration.  This 
type  of  questions  were  further  studied  by  Sylvie  Roelly-Coppoletta  in  her  work  [52] 
and  other  works  [58]  and  [43].  In  1988  Edwin  Perkins  [48]  considered  the  question 
of  the  nature  of  the  random  measure  over  time  intervals  (i.e.  not  just  for  a  fixed 
t  >  0).  Special  consideration  was  given  to  the  case  of  the  superbrownian  motion 
(superprocess  over  standard  Brownian  motion  (£t)),  and  to  the  study  of  its  paths 
[13].  All  this  led  to  the  development  of  an  important  new  idea,  i.e.,  the  idea  of  a 
historical  process.  It  is  a  superprocess  with  values  in  the  space  of  measures  on  the 
space  D(E)  of  ^-valued  cadlag  paths  on  R+   =  [0,  +  oo).    Intuitively,  the  historical 
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process  takes  into  consideration  the  "genealogy"  of  the  starting  superprocess  (Xt). 
For  detailed  study  we  refer  to  Dawson  and  Perkins  [15].  Let  us  also  mention  the 
paper  [25]  by  Steven  Evans  and  E.  Perkins  in  which  they  introduce  the  notion  of 
a  collision  measure.  They  use  it  to  "gauge"  the  overlap  of  a  fixed  measure  and  a 
superprocess. 

Throughout  all  that  period  one  of  the  main  problems  was  the  problem  of  the 
construction  of  superprocesses.  Dawson's  starting  idea,  given  in  1975,  was  later  for- 
malized in  terms  of  a  martingale  problem  (developed  by  Stroock  and  Varadhan).  We 
refer  to  [14],  [52]  for  these  results,  and  to  [24]  for  general  treatment.  In  [52]  the  mar- 
tingale properties  of  superprocesses  were  emphasized.  In  the  following  years  more 
general  processes  (£(),  more  general  conditions  on  branching  {pr},  and  more  general 
initial  conditions  were  considered.  For  construction  of  superprocesses  on  p-tempered 
distributions  see  [34],  for  further  formalization  in  terms  of  stochastic  differential  equa- 
tions see  [43],  and,  together  with  further  study  of  martingale  properties,  [46].  Already 
in  the  eighties  superprocesses  (Xt)  were  characterized  as  measure- valued  processes, 
such  that  their  Laplace  transforms  were  given  by 

E  [«-/.*■)«.]  =  rW')*    ;   X0  =  /*  ,  (1.3) 

where  /  >  0  is  bounded,  continuous  function  on  E,  and  (Vt)  is  a  nonlinear  semigroup 
which  satisfies  the  equation 

Vtf  =  Ttf+  f  Tt-.[9(V.f)]ds    ,  (1.4) 

Jo 

where  (Tt)  is  the  Markov  semigroup  of  (£f)  and  VP(A)  =  —  7A2.  These  formulas  sug- 
gested strong  connections  with  the  work  on  branching  processes  done  by  S.  Watanabe 
in  1968.  It  was  further  exploited  by  P.  Fitzsimmons  and  E.  Dynkin.  But  before  we 
go  to  their  work,  let  us  exploit  the  other  line  of  development  related  to  Feller's  work 
mentioned  at  the  beginning. 


In  1951,  when  Feller  offered  his  programme,  the  notion  of  branching  processes 
meant  only  the  discrete- valued  processes.  Miloslav  Jifina,  in  his  paper  1958  [36], 
developed  the  notion  of  branching  property  to  processes  with  continuous  state  space. 
Since  additive  structure  of  state  space  is  needed,  measure- valued  processes  rep- 
resent an  important  example.  However,  it  was  not  known  how  to  characterize 
continuous- valued  processes  as  branching.  Of  course,  the  simplest  case  was  the  case  of 
R+  =  [0,  +oo).  Real-valued  branching  processes  were  characterized  as  time-changed 
Levy  processes  by  John  Lamperti  in  1967  [44].  It  turned  out  that  R+-valued  branch- 
ing diffusions  are  exactly  the  diffusions  obtained  by  Feller  in  1951.  The  next  step, 
i.e.,  the  characterization  of  R" -valued  branching  processes  was  carried  out  by  Shinzo 
Watanabe  in  1969  [57].  To  simplify  notation,  he  worked  on  the  case  n  =  2.  Watan- 
abe  characterized  completely  these  processes  in  terms  of  their  infinitesimal  generators, 
and,  in  the  case  of  diffusions,  analyzed  the  behaviour  on  the  boundary  of  R?.  Inde- 
pendently, same  results  for  infinitesimal  generators  were  obtained  by  Yu.M.  Ryzhov 
and  A.V.  Skorokhod  in  1970  [51].  More  general  branching  processes  with  immigra- 
tion were  treated  in  another  work  [40].  An  account  of  branching  semigroups  on  the 
space  of  finite  measures  on  compact  separable  metric  space  was  given  in  1969  by 
M.L.  Silverstein  [55].  Most  recently,  Dynkin,  Kuznetsov,  and  Skorokhod  studied  the 
structure  of  general  branching  measure- valued  processes  [22].  However,  the  most  im- 
portant work  for  our  consideration  is  the  paper  [56]  by  S.  Watanabe,  published  in 
1968.  Watanabe  constructed  the  class  of  measure- valued  branching  processes  (Xt), 
characterized  by  1.3  and  1.4,  where  E  is  a  separable  compact  metric  space,  and  #  is, 
so  called  branching  mechanism,  given  by 

*(A)  =  a0  +  aiX  -  a2X2  -  /+  °  (  e"Au  -  1  +  -^-  ]  n(du)    ,  (1.5) 

Jo        V  1  +  u  / 


w 


here  A  E  (0,+oo),  aQ,ai,a2  6  R,  a0,a2  >  0,  and  n  is  a  measure  on  (0,-foo)  such 

that 

f+°°      u2 

/        T— -2n(du)  <  +  00    .  (1.6) 

Jo       1  +  ir  v      ' 

His  assumption  was  that  (&)  is  a  Feller  process,  and  then  he  proved  that  (Xt)  is  also 

Feller  and  characterized  its  infinitesimal  generator. 

Now  we  can  go  back  to  the  story  of  superprocesses.  In  1988  Patrick  Fitzsimmons 
offered  a  new  way  of  constructing  superprocesses,  following  Watanabe's  approach.  He 
considered  a  very  general  class  of  Markov  processes  (£t),  and  very  general  form  of  $ 
with  nonconstant  coefficients.  He  showed  [28],  [29]  that  the  corresponding,  i.e.,  (£,  #)- 
superprocess  can  be  constructed  and  that  it  satisfies  nice  regularity  properties.  The 
superprocess  is  now  defined  so  that  it  satisfies  1.3  and  1.4.  Similar  approach  was  taken 
by  Eugene  B.  Dynkin  [18].  He  considered  branching  mechanism  #(A)  =  -A2,  and 
time  nonhomogeneous  case.  Also,  his  methods  are  different  from  Fitzsimmons'.  In 
this  way  Watanabe's  and  Dawson's  theories  were  formally  unified.  Dynkin  is  also  re- 
sponsible for  the  introduction  of  the  term  superprocess  over  Markov  process  (£t)  with 
branching  mechanism  #.  We  will  follow  this  terminology  and  mostly  Fitzsimmons' 
line  of  approach  in  this  work.  We  will  actually  use  the  term  Dawson- Watanabe  super- 
process,  since  there  are  other  types  of  processes  (Fleming- Viot,  Ornstein-Uhlenbeck) 
sometimes  called  superprocesses,  which  will  not  be  considered  in  this  work. 

Let  us  finish  this  brief  survey  of  the  theory  of  superprocesses  by  mentioning  some 
other  recent  developments,  which  otherwise  will  not  be  treated  in  this  work.  The 
third,  very  different,  construction  of  the  superbrownian  motion  was  recently  offered 
by  Jean-Francois  Le  Gall  [30].  The  connections  between  the  theory  of  superprocesses 
and  PDE-s  has  been  investigated  by  Dynkin.  The  systematic  treatment  of  these 
problems  is  given  in  [20].    Part  III  of  this  paper  contains  a  nice  historical  survey  of 


the  theory  of  superprocesses.  The  Levy-Hincin  represantation  for  superprocesses  is 
analysed  in  [39]. 

Despite  all  these  achievements  and  thorough  analysis  of  some  particular  cases, 
like  superbrownian  motion,  it  appears  that  the  "nature"  of  superprocesses  is  still 
somewhat  hidden  from  us.  For  example,  even  in  the  case  of  Markov  chain  ((t), 
where  the  corresponding  superprocess  (Xt)  is  an  R"-valued  branching  process,  and 
we  can  characterize  the  infinitesimal  generator  of  (Xt)  completely  (see  [57]),  it  is 
still  not  completely  clear  which  part  of  the  behaviour  of  (Xt)  comes  from  (£t)  and 
which  from  ty .  Intuition  would  suggest  that  (£t)  influences  "spatial  motion,"  while  $ 
governes  "changing  of  the  mass."  Can  we  describe  mechanisms  which  govern  these 
behaviours?  And  what  about  other  type  of  processes,  in  more  general  spaces?  It 
seems  that  one  of  the  main  difficulties  is  in  the  fact  that  equation  1.4  is  nonlinear, 
and  in  general  we  can  not  expect  to  have  explicit  solutions  of  1.4.  However,  if  we 
concentrate  only  on  "components"  of  superprocesses  we  can  hope  to  characterize, 
through  explicit  formulas  even,  these  "components"  rather  completely,  and  then  to 
use  them  to  recover  some  information  from  the  most  general  cases.  After  establishing 
superprocesses  in  a  very  general  situation,  we  will  follow  this  line  of  approach,  i.e., 
we  will  try  to  give  as  explicit  formulas  for  the  "components"  as  we  can,  and  then  to 
recover  general  formulas  from  these,  if  possible.  We  will  say  what  we  can  in  general 
cases,  but  we  will  concentrate  on  the  simplest  examples  of  (£t).  Although  we  can 
not  completely  answer  the  questions  mentioned  above,  we  hope  that  this  work  offers 
some  improvement  and  clarification  in  this  direction. 

The  thesis  is  organized  into  five  chapters,  where  the  first  chapter  is  this  intro- 
duction, and  the  fifth  chapter  is  a  conclusion.  Hence,  the  results  are  contained  in 
chapters  2,3,  and  4. 
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In  chapter  2  we  deal  with  the  problem  of  the  foundation  of  superprocesses.  We 
take  an  approach  through  the  semigroup  theory  of  Markov  processes.  Hence,  we  have 
to  solve  a  nonlinear  integral  equation  first,  and  then  to  show  that  the  result  is  the 
exponent  of  the  Laplace  transform  of  the  transition  probability  of  the  superprocess. 
This  method  was  used  by  both  Watanabe  and  Fitzsimmons,  but  the  first  dealt  with 
the  Feller  semigroup  on  a  compact  state  space,  while  the  second  dealt  with  more 
general  Lusin  state  space.  In  section  2.1  we  offer  a  unified  approach,  so  that  both 
Watanabe's  and  Fitzsimmons'  result  are  special  cases  of  our  general  method,  as  is 
shown  in  sections  2.2  and  2.4.  Actually  our  method  solves  the  problem  of  positivity 
preserving  nonlinear  perturbation  of  positive  semigroups,  and  the  class  of  semigroups 
included  is  very  large.  Particularly  useful  is  Lemma  2.1.3,  which  we  will  apply  to 
deal  with  linear  case  and  Kac  semigroup  in  section  2.3.  In  section  2.5  we  mention 
the  branching  property  of  superprocesses,  and  how  it  simplifies  our  dealing  with  the 
transition  probabilities  of  superprocesses. 

In  chapters  3  and  4  we  analyze  the  transition  probability  for  particular  superpro- 
cesses. We  start  by  describing  the  simplest,  one-dimensional  superprocesses,  which 
were  studied  first  by  Lamperti.  We  compute  some  new  explicit  formulas  in  these 
cases.  In  section  3.2  we  also  prove  a  zero-one  law  for  Brownian  motion,  which  com- 
plements the  Engelbert-Schmidt  zero-one  law.  In  section  3.3  we  introduce  a  notion 
of  measures  on  rays;  these  are  example  of  measures  on  the  space  of  measures.  Using 
this  notation  we  can  precisely  describe  transition  probabilities  for  superprocesses  over 
£,  where  (t  =  (0,  denoted  by  (X*).  This  will  be  done  in  section  3.4. 

In  chapter  4  we  use  results  from  the  previous  chapter  to  interpret  superprocesses 
in  terms  of  their  "component  processes"  X*  and  X^ ,  which  are  much  simpler.  X*  is 
obtained  when  ^  =  0  and  is  a  deterministic  process,  which  is  easy  to  describe.  In  the 


general  case  we  can  only  approximate  the  transition  probability  of  X  through  tran- 
sition probabilities  of  the  "component  processes"  (see  section  4.1).  However,  in  some 
special  cases  we  can  have  more  explicit  interpretations.  The  case  of  deterministic  (£t) 
is  rather  completely  resolved  in  section  4.3,  where  we  obtain  nice  explicit  formulas. 
The  case  of  Markov  chains  is  already  more  complicated  and  we  were  able  only  to 
describe  the  local  behaviour  of  X  through  the  local  behaviour  of  X*,  by  application 
of  Cameron-Martin  formula.  This  will  be  shown  in  section  4.2. 


CHAPTER  2 
GENERAL  RESULTS 


2.1     Nonlinear  Perturbations  of  Positive  Semigroups 

In  this  section  we  consider  the  problem  of  nonlinear  perturbation  of  a  linear  posi- 
tive semigroup,  in  such  a  way  that  the  positivity  of  semigroup  is  preserved.  Although 
our  approach  relys  on  standard  iteration  method  and  is  specially  suited  for  our  pur- 
poses, we  believe  that  the  fact  that  we  consider  a  very  general  class  of  semigroups 
and  nonlinear  operators,  makes  it  important  even  in  an  abstract  framework  of  math- 
ematical analysis.  A  good  reference  for  the  standard  case,  i.e.,  linear  perturbation  of 
not  necessarily  positive  and  Co-semigroups  is  [47],  and  for  the  case  of  perturbation 
by  branching  mechanism  (see  the  next  section)  the  references  are  [56],  [28],  and  [18]. 

Let  (B,  ||  ||,  <)  be  a  Banach  space  and  a  linear  lattice  with  closed  positive  cone. 
More  precisely,  (B,  ||  ||)  is  a  Banach  space  and  (B,  <)  is  a  partially  ordered  set  with 
the  following  properties: 

for  every  x,y,  z  £  B     x  <  y    =>  x  -f  z  <  y  +  z  (2-1) 

for  every  x,y  £  B  and  real  X  >  0.    x  <  y    =>  Xx  <  Xy  (2-2) 

for  every  x  £  B  there  exists  sup{i,  0},  denoted  by  x  V  0  or  x+  (2.3) 

B+  =  {x£B|i>0}is  closed  in  the  norm  topology    .  (2-4) 

It  can  be  shown  (see  for  example  [53])  that  in  (B,  <)  x  V  y  and  x  A  y  exist,  for 
every  x,y  £  B,  and  that  x  V  y  +  x  Ay  =  x  +  y.  Then  we  define  x~  to  be  (  —  x)  V  0, 
and  |i|  to  be  x+  +  x~.  Some  of  the  properties  that  x+ ,  x~ ,  and  |x|  satisfy  are: 

x  =  x+  -x',  i.e.,B  =  B+  -B+  (2.5) 
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i+  V  x~  =  x  V  (-x)  =  |x|  i+Ai"=0  (2.6) 

|  x  +  y  |  <  |x|  +  |y|  |Ax|  =  |A||x|     .  (2-7) 

Remark  2.1.1  Notice  that  (B,  ||  ||,  <),  as  defined  above,  is  not  necessarily  a  Banach 
lattice.  Banach  lattice  is  a  partially  ordered  Banach  space  which  satisfies  2.1-2.3,  and 
the  property  that,  for  every  x,y  E  B, 

\x\<\y\   =>  \\x\\<\\y\\    .  (2.8) 

If  B  is  a  Banach  lattice  then  the  mappings  x  >—>  x+ ,  x  i— »  x_,  (x,y)  i— >  x  \J  y  are 
uniformly  continuous,  and  2.4  is  satisfied.  See  [53],  II. 5.  for  details.  Therefore,  the 
class  of  Banach  spaces  that  we  consider  is  bigger  than  the  class  of  Banach  lattices. 
Typical  example  of  the  space  which  satisfies  2.1-2.4  is  a  Sobolev  space  H1((a,  b))  with 
the  relation  of  partial  order  defined  by  (  /  <  g  if  f(x)  <  g(x)  for  every  x  €  (a,  b)).  But 
H1((a,  6))  is  not  a  Banach  lattice.  It  is  easy  to  construct  a  sequence  of  nonnegative 
functions  {/n}  in  H1((a,6)),  such  that  0  <  fn  <  1  and  ||/^||l2  — >  +oo.  Thus 
El((a,b))  does  not  satisfy  2.8. □ 

As  usual,  we  will  say  that  an  operator  (not  necessarily  linear)  0  :  B  — ►  B  is 
positive  if  0(B+)  C  B+. 

Let  B*  be  the  dual  space  of  B,  i.e.,  the  space  of  all  bounded  linear  functionals  on 
B.  We  define  the  cone  of  positive  functionals  B*,+  by 

B*'+  =  {/eB'    f(x)  >  0,  for  every  x  6  B+  }   .  (2.9) 

It  is  true  that,  if  /(x)  >  0,  for  every  /  £  B*,+  ,  then  x  £  B  +  .  This  statement  follows 
from  the  fact  that  B+  is  closed,  see  [41]  p. 226. 

We  will  slightly  generalize  the  notions  of  weak  measurability  and  weak  integration 
(see  the  examples  below  for  the  cases  which  require  such  generalizations).  Let  M  C 
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B*  be  a  nonempty  subset  of  B*  with  the  following  properties: 

(M,  ||  ||)  is  a  Banach  space,  where  ||  ||  is  the  operator  norm  of  B*  (2.10) 

m(x)  =  m(y) ,  for  every  mgM     =>    x  =  y  (2-11) 

m{x)  >  0,  for  every  m  £  M+  =  M  n  B*,+     =>    x  £  B+  (2.12) 

||x||  =  sup{^^  ;  m£M\{0}l     .  (2.13) 

I  IMI  J 

Notice  that,  if  M  =  B*,  then  M  satisfies  2.10-2.13.  We  define  a-algebra  M  on 
M  to  be  the  smallest  a-algebra  such  that,  for  every  x  £  B,  the  mappings  m  t— »  m(x) 
are  measurable.  Let  /  C  R  be  an  interval  and  B(I)  the  cr-algebra  of  Borel  sets  on  /. 

Definition  2.1.1  A  vector-valued  function  x(s)  :  I  — >  B  is: 

M-weakly  measurable  if  m  o  x  is  B(I)/B(R)  measurable,  for  every  m  £  M. 

M-measurable  if(m,s)  i— »  m[x(5)]  is  M.  ®  B(I)/B(M)  measurable. 

M-Pettis  integrable  if  there  exists  an  element  xj  £  B,  such  that,  for  every  m  £  M, 

mo  x  is  Lebesgue  integrable  and 

m(xi)  =   /  m[x(s)}ds       .  (2-14) 

In  this  case  x/  is  called  M-Pettis  integral  of  x(s)  and  is  denoted  by 

xi  =  (MP)  /  x(s)ds       .  (2.15) 

If  M  =  B*,  then  these  are  the  standard  notions  of  weak  measurability  and  Pettis 
integrability  (see,  for  example,  Chapter  III  in  [33]),  and  in  this  case  we  will  denote 
Pettis  integral  x/  by 

(P)  I  x(s)ds     .  (2.16) 

The  notion  of  M-measurability  requires  additional  explanation  in  some  cases  (see 
Proposition  2.1.1  and  examples  below). 
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Definition  2.1.2  A  linear  bounded  operator  B  :  B  ►  B  is  M-invariant  if,  for  every 

m  G  M,  m  o  B  £  M. 

The  basic  properties  of  M-Pettis  integrability  are  given  in  the  following  theorem. 
Notice  that  ||x(s)||  is  not  necessarily  measurable,  even  if  x(s)  is  M-Pettis  integrable. 
Various  formulations  of  Fubini  theorem  are  possible.  We  will  state  the  formulation 
which  serves  our  purposes. 

Theorem  2.1.1  Let  x(s)  and  y(s)  be  M-Pettis  integrable  on  I,  and  a,  (3  real  numbers. 
Then  the  following  is  true: 


The  M  —  Pettis  integral  of  x(s)  is  unique. 


(2.17) 


//,   for  every  s  £  J,   x{s)  €  B+,   =>     (MP)  /  x(s)ds  6  B+.  (2.18) 

//Mi  C  M  and  Mx  satisfies  2.10-2.13,  then  x(s)  is  Mi-Pettis  integrable  and  two 
integrals  coincide.  In  particular,  if  x(s)  is  Bochner  or  Pettis  integrable,  then  x(s)  is 
Nl-Pettis  integrable  and 


B 


f  x{s)ds  =  (P)f  x(s)ds  =  {MP)  J  x{s)ds 


(2.19) 


where  the  first  integral  is  Bochner  integral. 


ax(s)  +  Py{s)  is  M  —  Pettis  integrable  and  the  integral  is  linear.  (2.20) 

If  a(s)  :  I  >  [0, +oo)  is  Lebesgue  integrable  and,  for  every  s  €  I,  \\  x(s)  \\  <  a(s), 

then 


(MP)  f  x{s)ds       <    J  a(s)d 


(2.21) 


If  B  is  M-mvariant,  then  B[x(s)]  is  M-Pettis  integrable  and 


B 


MP)  I  x(s)ds     =  (MP)  I  B[x(s)]ds 


(2.22) 
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If  x(s,t)  :  I  x  I  >  B  is  such  that  s  t— >  x(s,t)  and  t  i— ►  x(s,i)  are  ~M.-Pettis  inte- 
grate, and,  for  every  m  £  M,  m[x(s,t)]  is  13(1)  (&B(I)  measurable  and  mtegrable  on 
I  x  I,  and  t  i— >  (MP)//  x(s,t)ds  is  M.-Pettis  mtegrable,  then  s  h- >  (MP)//  x(.s,i)cft 
is  Nl-Pettis  mtegrable  and 

(MP)  /  dt  (MP)  /  dsi(s,<)    =    (MP)  f  ds  (MP)  /  dtx(s,t)  .  (2.23) 

Proo/.  The  statement  2.17  follows  from  2.11,  2.18  from  2.12,  and  2.19  by  defi- 
nition and  the  fact  that  every  Bochner  integrable  function  is  Pettis  integrable  and 
two  integrals  coincide  (see  [33],  p. 80).  The  statement  2.20  follows  directly  from  the 
definition,  and  2.21  from  the  definition  and  2.13.  The  statement  2.22  follows  from 
the  definition  and  the  fact  that,  for  every  m  £  M,  m  o  B  £  M  and  (since  1(5)  is 
M-Pettis  integrable) 

(  m  o  B  )  (  (MP)  /  x{s)ds  \  =  J  (m  0  B)(x(s))ds    . 

To  prove  2.23  notice  that  there  exists  a  vector  x0  £  B  such  that 

m(x0)  =   I  dt  m   (MP)  /  ds  x(s,t)     =  j   dt  j   ds  m[x(s,t)]    . 

Recall  that  m[x(s,  t)]  is  integrable  on  I  x  I  and  real-valued.  Thus,  by  Fubini  theorem 
for  real-valued  functions, 

m(x0)  =        ds   j   dt  m[x(s,t)]  =    f  ds  m    (MP)  f  dtx(s,t)        , 

where  the  second  equality  follows  from  M-Pettis  integrability  of  t  »—>  x(s,t).  No- 
tice that  5  1— »  //  dtm[x(s,t)}  =  m[(MP)/7  x(s,t)dt]  is  Lebesgue  integrable  and 
the  integral  is  equal  to  m(x0),  for  every  m  £  M.  By  definition,  it  means  that 
s  i-»  (MP)//  x(s,t)dt  is  M-Pettis  integrable  and 


xo  =  (MP)  /  ds  (MP)  /  dtx(s,t) 
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Notice  that  the  consequence  of  2.18  and  2.20  is  that  M-Pettis  integral  is  monotone, 
i.e.,  if  x(s)  and  y(s)  are  M-Pettis  integrable,  and,  for  every  s  £  I,  x(s)  <  y(s),  then 


(MP)  /  x(s)ds  <  (MP)  f  y(s)ds 


Q.E.D. 

In  the  following  text  we  will  consider  only  operators  which  preserve  M-measurabi- 
lity.  An  operator  O  :  'D(O)  C  B  — ►  B  (not  necessarily  linear)  is  M  —  measurable  if 
t  i— *  0[x(t)]  is  M-measurable  for  every  M-measurable  function  t  i— >  x(t)  with  values 
inV(O). 

Lemma  2.1.1  Every  M-invanant  operator  B  :  B  >  B  is  ISA-measurable. 

Proof.  Let  x(t)  I  — >  B  be  M-measurable.  It  means  that  the  mapping 
F(t,m)  :  /  x  M  — >R,  F(t,  m)  =  m[x(t)}  is  B(I)  ®  M/B(U)  measurable.  Consider 
a  mapping  H(t, m)  :  I  x  M  — >  7  x  M  defined  by  H(t,m)  =  (t,  mo  B).  Notice  that 
H(t,m)  £  I  x  M,  since  B  is  M-invariant.  We  claim  that  H  is  B(I)  ®  M/B(I)  0  M 
measurable.  It  is  enough  to  prove  that  (t,m)  i— >  m  o  B  is  B(I)  ®  M.J ' M.  measurable, 
i.e.,  it  is  enough  to  prove  that  m  >—>  m  o  B  is  Ai/M  measurable.  By  the  definition 
of  M,  it  is  enough  to  prove  that,  for  every  x  E  B,  m  >— >  (m  o  B)(x)  is  ,M/B(E) 
measurable.  Since  Bx  E  B,  it  is  obviously  true.  Now,  (t,m)  >— >  m[5(ffi(t))]  =  F  o  H 
finishes  the  proof. 

Q.E.D. 

Let  us  specify  the  class  of  semigroups  that  we  will  consider  in  this  section. 

Definition  2.1.3  A  semigroup  (Tt,t>0)lTo  =  id,  of  bounded  linear  operators  on 
B  is  a  positive,  M-Pettis  integrable  semigroup  if  it  satisfies  the  following  properties: 

Tt  is  M  —  invariant  and  positive,  for  every  t  >  0  .  (2.24) 
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There  exist  D  >  1  and  uj  >  0,  such  that  \\Tt\\  <  D  ewt,  for  every  t  >  0 .     (2.25) 

For  every  x(t)  :  (0,-foo)  — ■»  B,  M -measurable  and  bounded  on  bounded  submter- 
vals,  the  mapping  {m,s,t)  ►-»  m[T,[x(t)}}  is  M  ®  £((0,  +oo))  0  B((0,  +oo))/B(M) 
measurable  and,  on  every  bounded  subinterval,  the  mapping 

s  >— >  r,[x(a)]    Z5  M  —  Pettis  integrable.  (2.26) 

Conditions  2.24  and  2.25  are  standard.  Condition  2.26,  which  is  rather  technical, 
enables  us  to  use  Fubini-type  theorem  and  weak  integration.  We  will  see  in  examples 
that  2.26  is  fulfilled  under  more  standard  assumptions. 

Example  2.1.1  Let  (B,  ||  ||,  <)  be  a  separable  Banach  space  and  a  linear  lattice  with 
closed  positive  cone.  Among  such  spaces  are  Lp(u),  1  <  p  <  +oo,  where  /x  is  a  cr-finite 
measure  defined  on  a  countably  generated  a-algebra,  Cq{X),  where  X  is  a  locally 
compact  Hausdorff  space  with  a  countable  base,  and  Sobolev  spaces  W1,P(I),  where 
1  <  p  <  +oo.  In  all  these  spaces  <  is  inherited  from  the  order  on  the  real  line.  Let 
M  =  B*.  Notice  that  in  this  case  every  bounded  linear  operator  is  M-invariant.  Let 
(Tt;  t  >  0)  be  any  positive  semigroup  of  bounded. linear  operators,  which  satisfies  2.25 
and  such  that  t  i— >  Ttx  is  weakly  measurable.  Since  B  is  separable,  t  t-»  Ttx  is  strongly 
measurable,  and,  since  (Tt)  is  a  semigroup,  t  £  (0,  +oo)  i— >  Ttx  is  strongly  continuous 
(see  [33],  Theorem  10.2.3.).  Consider  now  a  mapping  (s,f)  £  (0,+oo)  x  B*  — >  B* 
given  by  (s,f)  \-*  /oT,.  For  every  i  £  B,  (s,f)  ►— >  f(T3x)  is  A4 -measurable  in  the 
second  coordinate,  and  continuous  in  the  first  coordinate  s  £  (0,  +oo).  Since  (0,  +oo) 
is  a  separable  metric  space,  (s,f)  t-»  f(T3x)  is  H((0,-|-oo))  ®  Ai/B(U)  measurable. 
Therefore  (s,  f)  <—>  f  oT,  is  B((0,  +oo))® M./M.  measurable.  If  x(t)  is  M-measurable 
and  bounded  on  bounded  subintervals,  then 

(f,s,t)~(foT„t)~(foT,)(x(t)) 
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is  M  ®  B((0,+oo))  g  B((0, +oo))/B(M)  measurable.  In  particular,  (/,  5)  i-»  (/  0 
!T,)(s(s))  is  .Vf  <g>  5((0,+oo))/B(R)  measurable.     Since  M   =   B*,  s  i-»   T,[x(s)]  is 

weakly  measurable,  and  s  i— »  ||T,,[x(.s)]||  is  bounded  on  bounded  subintervals.  B  is 
separable  implies  that  s  i-»  !T4[x(.s)]  is  strongly  measurable,  and,  therefore,  Bochner 
integrable  on  bounded  subintervals.  It  shows  that  (Tt)  satisfies  2.26.<0> 

Example  2.1.2  Let  (E,£)  be  a  measurable  space,  and  (B,  ||   ||)  a  Banach  space  of 

bounded  f'-measurable  real-valued  functions  with  the  sup  norm.    Then  we  have  a 

natural  partial  order  on  B,  inherited  from  the  real  line.    Such  a  space  B  satisfies 

2.1-2.4,  and,  even  more  2.8.   Let  M  be  a  set  of  all  finite  signed  measures  on  (E,£). 

Then  M  with  the  total  variation  norm  satisfies  2.10-2.13,  and  M  ^  B*.  Let  pt(x,dy) 

be  a  positive  kernel  on  E  x  £,  such  that  (t,x)  t— *  pt(x,dy)  is  measurable,  and  there 

exist  D  >  1,  u>  >  0,  such  that,  for  every  t  >  0  and  iE£,  pt(x,E)  <  Dexp(ut).  We 

define  Tt  on  B  by 

(TJ)(x)=   f   f(y)pt(x,dy)    .  (2.27) 

Je 

Typical  example  of  such  a  semigroup  is  a  Markov  transition  function  pt(x,dy)  and 
its  semigroup,  when  it  is  a  transition  function  of  a  Borel  right  process  with  the  state 
space  (E,B{E)),  where  E  is  a  Lusin  topological  space  and  B(E)  the  a-algebra  of 
Borel  sets  (see  [54],  pp.13,  105,  and  App.2).  In  this  case  u  =  0  and  D  =  1. 

Let  us  show  that  (Tt),  defined  by  2.27,  satisfies  all  the  requirements  of  Definition 
2.1.3.  Since  pt(x,dy)  is  a  positive  kernel  and  ||Tt||  =  sup{pt(x,  E)\  x  G  E},  2.24  and 
2.25  follows  immediately  from  our  assumptions.  Let  us  denote  JE  f(x)(i(dx)  by  {/,  p.), 

where  /  £  B  and  p  £  M.   Consider  a  function  F(s,x)  :  (0,+co)  x  E  >  R  defined 

by  F(s,x)  =  lB(s)  ■  l,,(x),  where  B  £  S((0,+oo)),  H  £  £.  Then  (F(s,-),p)  = 
1b(s)  ■  fi(H),  and,  therefore,  (s,p)  i-»  (F(s,-),p)  is  5((0,  +00))  0  M/B(R)  measur- 
able.    Using  the  monotone  class  argument,  it  follows  that  (s,p)  >— >    (F(s,-),p)  is 
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B((0,  +00))  <g>  M/B{m)  measurable  for  every  bounded  B((0,  +00))  ®  £/S(lR)  measur- 
able F(s,x).  By  our  assumption,  F(s,x)  =  (T,f)(x)  is  such  a  function,  for  every 
/  £  B.  Hence,  for  every  H  £  £  and  B  £  B((0,  +00)), 

(lB(t)lH(-),lj.T.)  =  lB(t)-(Ta(lH),fi)    , 

which  implies  that  (/i,i,.s)  i-»  ((?(£,  ■),  /xT,)  is  jointly  measurable,  for  G(t,y)  —  1h(j/)- 
1b(£)-  By  monotone  class  argument,  the  same  is  true  for  any  jointly  measurable  and 
bounded  function  G(t,  y).  Notice  that  we  can  identify  (E,  £)  with  {{8X;  x  £  E},  M.  D 
{8X;  x  £  E}),  where  8X  is  a  point  mass  at  x.  Therefore,  if  f(s)  :  (0,  +00)  — >  B  is  Im- 
measurable, then  {s,x)  >— >  f(s)(x)  =  (f(s),Sx)  is  £?((0, +00))  g  £/fi(x)  measurable 
and  bounded  on  any  bounded  subinterval.  It  follows  that 

{p,s,t)»(T.[f(t)],ri^{f(t),nT.) 

is  .M  ®  #((0,  +00))  ®  #((0,  +oo))/#(lR)  measurable.  In  particular,  it  shows  that 
(s,x)  >->  T,[/(5)](x)  is  5((0,+oo))  ®  £/B(u)  measurable  and  bounded  on  bounded 
subintervals.  It  follows,  by  Fubini  theorem,  that 


/o(x)  =  /      T.[f(a)](x)d* 
J(o,t) 


/(o,o 

exists,  for  every  x  £  E,  and  defines  a  bounded  ^-measurable  function  /0.  By  Fubini 
theorem,  for  every  fi  £  M, 


(/0,M>=    /        (r.[/(3)],/i>(f5 
•/(0,t) 


which  shows  that  s  1— >  Ts[f(s)}  is  M-Pettis  integrable  on  every  interval  (0, t).  Hence, 
(Tt)  satisfies  all  the  requirements  of  Definition  2.1.3.0 

The  main  problem  of  this  section  is  the  perturbation  of  a  positive,  M-Pettis  in- 
tegrable (linear)  semigroup.  Let  (Tt)  be  a  linear,  positive,  M-Pettis  integrable  semi- 
group (as  defined  in  Definition  2.1.3).   Let  L  :  B+  — ►  B  be  an  M-measurable  (not 
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necessarily  linear)  operator  such  that  L\x{t)\  is  bounded  on  bounded  subintervals, 
whenever  x(t)  6  B+  is  bounded  on  bounded  subintervals. 
We  would  like  to  solve  an  integral  equation 

Vtx  =  Ttx  +  (MP)  /      Ta[L(Vt-tx))ds    ,  (2.28) 

J(0,t) 

where  x  £  B+.  When  we  say  that  (V()  is  the  solution  of  2.28,  we  mean  that  (Vt;  t  >  0) 
is  a  family  of  operators  Vt  :  B+  — ►  B+,  such  that  t  i— »  Vtx  is  M-measurable  and 
bounded  on  bounded  subintervals,  and  (Vt)  satisfies  2.28.  Notice  that  under  these 
assumptions  s  t— >  Ts[L(Vt_sx)]  is  M-Pettis  integrable  (see  2.26).  Thus,  2.28  makes 
sense. 

We  will  solve  the  problem  by  iteration  method,  which  relies  on  well-known  Gron- 
wall's  inequality.  In  the  case  of  superprocesses  the  method  has  been  used  in  the  works 
of  Watanabe  [56],  Fitzsimmons  [28],  and  Dynkin  [18].  Gronwall's  inequality  states 
that  if  a  :  [0,  +  oo)  — >  [0,  +oo)  is  a  bounded  measurable  function  with  the  property 
that,  for  every  t  >  0, 

a(t)  <  a  +  b  f  a(s)ds     a,b>0     ,  (2.29) 

Jo 

then,  for  every  t  >  0, 

a(t)  <aebt    .  (2.30) 

In  particular,  if  a  =  0  then  a  =  0. 

The  problem  is  that  some  of  the  functions  that  we  will  consider  are  not  measur- 
able. However,  we  can  easily  adjust  the  standard  proof  of  the  Gronwall's  inequality, 
to  obtain  the  following,  say  nonmeasurable,  version  of  the  Gronwall's  inequality. 

Lemma  2.1.2  Let  a  :  (0,t)  — >  [0,c]  be  a  bounded  mapping,  where  0  <  r  <  +oo, 
0  <  c  <  +oo.    If  there  is  a  family  of  measurable  mappings  {/3^;  7  €  T,   t  £  (0,r)}, 
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$\  :  (0,  t)  >  [0,  +  oo),  such  that,  for  every  t  6  (0,  r), 

a(t)  <  a  +  sup  /   /?'(s)cfs  (2.31) 

-rer  Jo 

and,  for  every  s  £  (0,£), 

/?;(3)<6-a(5)    ,  (2.32) 

where  a  >  0,  6  >  0  are  constants,  then,  for  every  t  €  (0,t), 

a(*)  <aeb<    .  (2.33) 

Proof.  Notice  that  a(i)  is  bounded,  but  is  not  necessarily  measurable.  We  claim 

that,  for  every  n£N, 

/  ^     (bt)k         (bt)n 

«(')  <  E  ^  +  <A-f-    ,  (2.34) 

k=o       K-  n- 

and  2.33  follows  then  directly. 

a(t)  <  a  +  sup  /   /?'  (si)^5i 

71      ./0 

72      ■'0 


0£^(in-i)  <6-a(sn-i)  <  ai  +  sup  r   l  b/3^(sn)dsn 

7n      -'O 

Hence,  (3°^2l(sn-i)  <  a^>  + Jo"-1  b2cdsn,  and,  going  backwards  with  these  inequalities, 
we  obtain 

a(Z)  <  a  +   /     abdsi  -f  /     /      ab2ds2ds-i  +  .  .  .  + 
Jo  Jo  Jo 

+     /    •  •  •  /  bncdsn  .  .  .  dsi    , 

Jo         Jo 

which  implies  2.34. 
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Let  us  give  sufficient  conditions  on  L,  such  that  the  solution  of  2.28  exists,  is 
bounded  and  unique,  and  has  a  semigroup  property.  We  will  start  with  boundedness. 

Theorem  2.1.2  (Boundedness)  If  (Vt;  t  >  0)  is  a  solution  of  2.28  and  L  satisfies  one 
of  the  following  two  conditions: 

a)  there  exists  the  smallest  nonnegative  number,  say  \\L\\,  such  that,  for  every 
xGB+, 

||ix||  <  ||I||||x||    .  (2.35) 

b)  B  is  a  Banach  lattice,  x  >— >  x+  is  M-measurable  operator,  and  there  exists  the 
smallest  nonnegative  number,  say  \\L+\\,  such  that,  for  every  x  6  B+, 

||(Ix)+||  <  ||L+||||x||    .  (2.36) 

then  there  is  a  constant  k  >  0,  such  that,  for  every  x  £  B+  and  t  >  0, 

\\Vtx\\  <  DeKt  ■  \\x\\    .  (2.37) 

In  the  case  a)  k  =  u)  +  ||L||D,  and  in  the  case  b)  k  —  uj  +  ||Z+||£>,  where  u>  and  D 
are  defined  by  2.25. 

Proof.  Let  us  prove  the  case  b).  The  case  a)  is  analogous,  but  simpler  than 
the  case  b).  Notice  first,  that,  since  |x+|  =  x+  <  x+  +  x~  =  \x\,  the  operator 
x  h^  (Lx)+  is  M-measurable  and  (L[x(t)})+  is  bounded  on  bounded  subintervals, 
whenever  x(t)  G  B+  is  bounded  on  bounded  subintervals.  Since  (Vt)  is  the  solution 
of  2.28  it  follows  that  s  ^  Ts[(L(Vt-sx))+}  and  s  ►-»  Tt-s[(L(V,x))+}  are  M-Pettis 
integrable  and  that,  for  every  x  G  B+, 

0  <  Vtx  =  Ttx  +  (MP)  /      Tt-.[L(V.x)]da  = 

J(o,t) 
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=  Ttx  +  (MP)  f      Tt_,[(L(Vsx))+}ds  -  (MP)  [      Tt_,[(L(V,x))-}ds 
J(o,t)  •'(o.t) 

Since,  for  every  s  £  (0,i),  Tt_3  is  positive,  we  obtain 

0<Vtx<  Ttx  +  (MP)  /      Tt-.[{L(VMx))+}ds    . 

J{o,t) 

B  is  a  Banach  lattice,  thus,  by  2.8,  we  obtain 


\Vtx\\  <  \\Ttx\\  + 


(MP)  /      Tt_s[(L(V,x))+}ds 


(2.38) 


Let  0   <  t   <   +oo  be  fixed.    By  assumption  t  £   (0,t)  h-*   ||V^x||  is  bounded.     Let 
a(i)  =  exp(— a7i)||Vix||.    Then  a  :  (0,t)  — ►  [0,+oo)  is  bounded,  and,  by  2.25  and 

2.38, 

m  ,  mi   ii  _,                H{(MP)/(0,0Tt_a[(L(V;x)r]^}| 
o.[t)  <  Z>||x||  +      sup      J ~ — - — — 

meM\{0} 


*wt 


<  D\\x\\  +      sup     e~ut  f 
meM\{o}  Jo 


||m||e' 

\m(Tt^[(L(V,x))+})\ 
llmll 


ds 


Therefore,  we  choose 

gt( 3)_  .h.KU^WDI 

Nil 

Then,  the  conditions  of  Lemma  2.1.2  are  fulfilled,  since 

&(a)  <  De-"\\{L(V,x))+\\  <  D\\L+\\e-*"\\V,x\\  =  D\\L+\\a(s)    . 

Lemma  2.1.2  implies  that,  for  every  t  £  (0,t), 

e-lVtell  <  £>||z||ec"L+llf    . 

Since  t  was  arbitrary,  D  >  1,  and  V0x  =  T0x  =  x,  2.37  is  satisfied  for  every  t  >  0 
and  x  £  B+. 


Q.E.D. 
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For  the  existence  and  uniqueness  of  the  solution  we  need  Lipschitz  condition.  We 
will  say  that  L  :  B+  — ►  B  is  locally  Lipschitz  if  L(0)  =  0,  and,  for  every  K  >  0, 
there  exists  C(K)  >  0,  such  that 

\\Lx-  Ly\\<C(K)\\x-y\\  (2.39) 

whenever  x,y  £  B+,  and  ||z||  <  K,  \\y\\  <  K. 

Notice  that,  if  x(t)  :  /  — >  B+  is  bounded,  i.e.,  there  exists  K  >  0  such  that, 
for  every  t  £  /,  ||x(<)||  <  K,  then,  by  2.39,  L[x(t)]  is  bounded  (by  C{K)  ■  K)  on 
/.  Therefore,  if  L  is  locally  Lipschitz,  then  it  is  enough  to  keep  as  our  starting 
assumptions  (see  2.28)  that  L  is  M-measurable.  Of  course,  every  locally  Lipschitz 
operator  is  also  continuous. 

Theorem  2.1.3  (Uniqueness  and  semigroup  property)  If  L  is  locally  Lipschitz,  then 
there  is  no  more  than  one  solution  of  2.28.  If  (Vt;  t  >  0  )  is  a  solution  of  2.28  and 
L  is  locally  Lipschitz,  then  (Vt)  is  a  semigroup. 

Proof.  Assume  that  there  are  two  solutions,  say  (Vt)  and  (Ut),  of  2.28.  We  fix 
x  £  B+  and  t  £  (0,  +oo).  Then  there  exists  K  >  0,  such  that  max-dlV^H,  ||f/ti||}  < 
K,  for  every  t  £  [0,r].  By  2.28,  2.20  and  linearity  of  T,  we  obtain,  for  every  t  £  [0,t], 


^-,1)1  <fs  = 

(CO 


Vtx  -  Utx  =  (MP)  f     T3[L(Vt-sx)  -  L{ 

7(o,o 

=  (MP)  /     Tt-,[L{Vsx)  -  L{Usx)\  ds 
J(o,t) 


It  follows  that 


\SZ(moTt-t)[L(Vax)-L(Utx)}ds\ 

Vtx  —  Utx  ||  =      sup — < 

meM\{0}  \\rn\\ 


rt\{moTt-.)[L(V.x)-L(U.x)]\tL  (g  4Q) 

i0Jo  \\m\\ 
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Consider  now  a(t)  =  ||  Vtx  —  Utx  \\  on  (0,t),  and  /?£,  :  (0,t)  — >  [0, +00),  where 

\(moTt-.)[L(V,x)-L(U,x)]\ 


0M  = 


777. 


By  2.40  we  get  a(t)  <  C(K)-2K -r  ■  Dexp(ujr),  i.e.,  a  is  bounded.  Since,  by  Lipschitz 
condition  and  2.25, 

fin{s)<\\Tt-.\\-\\L(y.x)-L(U.x)\\< 

<  Deu('-s)  •  C(K)  ||  V,x  -  U.x  ||  <  De"T  ■  C{K)  ■  a(s)    , 

Lemma  2.1.2  implies  that  a(t)  =  0,  for  every  t  £  (0,t).   Since  Vqx  —  Uqx  —  x,  and, 
x  and  r  were  arbitrary,  we  obtain  Vt  =  Ut,  for  every  t  >  0. 

A  similar  idea,  with  a  little  more  computation,  leads  to  the  semigroup  property 
of  (Vt).    Consider  x  <E  B+,  and  s,t  £  [0, +00).    By  2.22  and  2.24,  we  get,  for  every 

ue  [o,t], 

Tjy.x)  =  Tu  [T.x  +  (MP)  /      Tv[L(V,.vx)]  dv)  = 

\  J(0,s)  J 

=  TuTsx  +  (MP)  /      Tu+V[L(V,-Vx)]dv  = 

=  Tu+Sx  +  (MP)  /  TW[L(VU+S-Wx)]dw    , 

where  the  last  equality  follows  from  the  fact  that  it  is  true  for  every  m  £  M.    It 
follows  that,  for  every  u  £  [0,2], 

Vu+Sx  -  VuV,x  =  (MP)  /  Tz[L(Vu+t.zx)]dz- 

-(MP)  /  Tw[L(Vu+^wx)}dw  -  (MP)  /      Ty[L(Vu.y(Vtx))]dy  = 

=  (MP)  /      Tz[L(Vu+a-zx)  -  L(Vu-z(V,x))}dz  = 

7(0, u) 

=  (MP)  /      Tu.w[L(Vw+tx)  -  L(Vw(V,x))]dw    . 

J(0,u) 
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We  are  now  in  a  similar  position  as  in  the  case  of  uniqueness.  We  consider  functions 
a:  (0,0  — »  [0,+oo),a(u)=  ||  Vu+,x  -  Vu(V.x)  ||,  and  /fl&  :  [0,u]  — >  [0,+oo), 

„„,    ,       |(moru_„)[£(y„+,x)-L(K,(V;x))]l 

||m|| 

By  using  K  =  max{max{||V^,+,x||,    ||V^,(V^x)||};   w  G  [0,t]}  and  Lemma  2.1.2,  we 

obtain,  as  we  did  before,  that  a(u)  <  C{K)-2Kt-D  exp(ut)  and  f%Xw)  <  Dexp(u;t)- 

C(K)  ■  a(w).    Hence,  a  =  0.    In  particular  Vt+3x  =  VtVsx.    Since  s,t  and  x  were 

arbitrary,  (Vt)  has  the  semigroup  property. 

Q.E.D. 

Let  us  show  that  the  perturbed  semigroup  (Vf)  behaves  nicely  with  respect  to 

further  linear  perturbation.  This  fact  will  have  an  impact  on  some  of  our  results  later, 

but  the  special  case  of  this  property  is  needed  to  prove  the  existence  of  the  solution  of 

2.28.  Let  (  St  ;  t  >  0  )  be  a  linear,  M-Pettis  integrable  semigroup  (it  means  that  (St) 

satisfies  all  the  conditions  of  Definition  2.1.3  except,  maybe,  positivity)  such  that,  for 

every  iGB, 

Stx  =  Ttx  +  (MP)  f      S3[B(Tt-3x)}ds    ,  (2.41) 

./(o,o 

where  B  is  M-invariant  bounded  linear  operator.  Recall  (Lemma  2.1.1)  that  such  an 
operator  is  M- measurable.  Thus  L  —  B  is  M- measurable  operator  on  B+,  such  that 
(L  —  B)[x(t)}  is  bounded  on  bounded  subintervals,  whenever  x(i)  £  B+  is  bounded 
on  bounded  subintervals.  It  shows  that  the  following  statement  makes  sense. 

Lemma  2.1.3  If  (  Vt;  t  >  0)  is  a  solution  of  2.28,  then,  for  every  x  G  B+  and  t  >  0, 

Vtx  =  Stx  +  (MP)  /      S,[{L  -  B){Vt.,x)}ds    .  (2.42) 

7(0,0 

Proof.  By  our  assumptions  (see  2.26)  s  — >  Sa[L(Vt-3x)]  is  M-Pettis  integrable. 
Thus,  we  consider  the  following  integrals 

(MP)  /      S3[L{Vt_3x)}ds  =  (MP)  /      T3[L{Vt-.3x)}ds+ 
•'(0,0  A°.0 


ds 
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+(MP)  /        (MP)  /      Su[B(Tt_u{L{Vt-.x)))]du 

J(0,t)  [  7(0,0 

where  equality  follows  from  2.41.    The  condition  2.26  guarantees  that  (m,u,s)  — > 

m{S»[B(T.-u(L(Vt-Mx)))]}  is  M  ®  £((0,  +oo))  <g>  B((0,  +oo))/B(K)  measurable,  and 

is  bounded  on  (0,  t)  x  (0,  t).    Hence,  the  requirements  for  Fubini  theorem  2.23  are 

fulfilled.     Together  with  the  fact  that  the  first  integral  above  appears  in  2.28  we 

obtain 

(MP)  /      S,[L{Vt-.x)}ds  =  Vtx  -  Ttx+ 
J(o,t) 

+(MP)  /       (MP)  /      Su[B(T^u(L(Vt-ax)))]ds 
J{o,t)  [  ■'(«.«) 

Notice  that  Su  o  B  is  an  M-invariant  bounded  linear  operator.    Thus  we  can  apply 
2.22  on  the  integral  on  the  right  hand  side,  to  get  that  it  is  equal  to 


du 


du  = 


(MP)/     (SuoB)(MP)f      Tt_u[L(Vt-.x))ds 
'(0,0  ■'(«.') 

=  (MP)  /     (5U  o  P)    (MP)  /  ^[/.(V^z)]^ 

7(0,0  J(0,t-u) 

by  2.28  =  (MP)  /     (Su  o  B)  [Vt-Ux  -  Tt_ux]  du  =  by  linearity  of  Su 
J(o,t) 

=  (MP)f     (Su  o  B)(Vt.ux)du  -  (MP)  I     (5U  o  B){Tt_ux)du  = 
J(o,t)  7(o,o 

=  by  2.41  =  (MP)  /     (Su  o  B){Vt_ux)du  -  Stx  +  Ttx    . 
./(o.O 


oP 


Finally,  it  shows  that 


(MP)  /     S,[L(Vt-ax)]ds  =  Vtx  -  Ttx+ 

J(0,t) 

+  (MP)  /      Su[B(Vt_ux)}du  -  Stx  +  Ttx     , 
7(o,o 


which,  since  Ss  is  linear,  finishes  the  proof. 


Q.E.D. 
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For  any  a  £  R,  an  operator  5,  given  by  B(x)  =  ax,  is  M-invariant,  bounded 
and  linear.  Also,  St  =  eatTt  is  a  linear  M-Pettis  integrable  semigroup,  which  is  also 
positive.  Even  more,  (St)  satisfies,  for  every  x  £  B, 

(MP)  /      ea'Tg[B(Tt.sx)]ds  =  (MP)  f      aeatTtxds  = 
J(o,t)  J(o,t) 

=  (f  aea'ds)  Ttx  =  eatTtx  -  Ttx  =  Stx  -  Ttx    . 

If  we  apply  Lemma  2.1.3  on  a  and  —a,  then  we  obtain  the  following  statement. 

Corollary  2.1.1  A  semigroup  (  Vt;  t  >  0  )  is  a  solution  of  2.28  if  and  only  if  it  is  a 
solution  of 

Wtx  =  e~atTtx  +  (MP)  i     (e~asT,)[(L  +  a)(Wt_,x)]ds  ,  (2.43) 

J(o,t) 

where  a  £  R. 

In  the  case  of  superprocesses,  Corollary  2.1.1  has  been  proved,  using  integration 
by  parts,  in  [10],  p. 58. 

We  will  use  Corollary  2.1.1  to  prove  the  positivity  of  the  solution  of  2.28.  To 
prove  the  existence  of  the  solution  of  2.28,  we  require  several  properties  on  L.  We 
will  assign  a  special  name  to  such  L. 

Definition  2.1.4  An  operator  L  :  B+  — ►  B  is  a  SOLP-operator  (solvable  with  posi- 
tive solution)  if  it  is  an  M -measurable,  locally  Lipschitz  operator  which  satisfies  either 
condition  a)  or  condition  b)  from  Theorem  2.1.2,  and  such  that,  for  every  K  >  0, 
there  exists  a  =  &(K)  >  0,  such  that 

Lx  +  ax£B+  (2.44) 

whenever  x  £  B+  and  \\x\\  <  K . 
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Theorem  2.1.4  If  (Tt;  t  >  0)  is  a  positive,  M-Pettis  mtegrable  semigroup,  and  L  is 
a  SOLP -operator,  then  there  is  one  and  only  one  solution  to  2.28.  The  solution  is  a 
semigroup  and  satisfies  boundedness  condition  2.37. 

Proof.  It  is  enough  to  prove  the  existence  of  the  solution  of  2.28.  We  will  prove  it 
under  the  assumption  b)  from  Theorem  2.1.2.  The  case  of  condition  a)  is  analogous, 
but  simpler  than  the  case  b). 

Without  loss  of  generality  we  can  assume  that  D  =  1.  Recall  that  there  is  a  norm 
||'  on  B,  defined  by 

||x||'  =  sup  ||e-ta,tTtx||    , 
t>o 

such  that  ||x||  <  ||x||'  <  D\\x\\,  i.e.,  ||  ||  and  ||  ||'  are  equivalent  norms.  It  follows  that 
\\Tt\\'  <  exp(wi),  and,  for  every  m  G  M,  ||m||'  <  ||m||  <  -D||m||'.  All  the  requirements 
in  this  section  are  of  topological  or  measure-theoretical  nature,  except  for  2.8  and 
2.13.  Thus,  they  will  not  change  when  we  change  to  the  equivalent  norm.  Also, 
we  will  use  2.8  only  in  case  0  <  x  <  y.  Therefore,  to  prove  that  we  can  restrict 
ourselves  to  the  case  D  =  1,  we  have  to  prove  that  ||  ||'  satisfies  2.8  for  0  <  x  <  y, 
and  2.13.  If  0  <  x  <  y  then,  for  every  t  >  0,  0  <  exp(-u;t)Ttx  <  exp(-ut)Tty,  since 
Tt  is  positive.  By  2.8  for  the  norm  ||  ||  we  obtain  ||  exp(-o;i)rtx||  <  ||  exp(  — ^i)Ttj/|| , 
which  implies  that  ||x||'  <  \\y\\'.  2.13  is  equivalent  to 

||x||'  =  sup{|m(x)|;  m  G  M,   ||m||'  <  1}    . 

Notice  that  ||x||'  >  sup{|m(x)|;  \\m\\'  <  1},  since  |m(x)|  <  ||m||' ||x||',  for  every 
bounded  linear  functional.  Using  2.13  for  ||  ||  we  obtain 

||x|r  =  sup||e-wtrtx||  =  sup   sup    |e-u"(moTt)(x)|  . 

t>0  (>0  ||m||<l 

For  every  t  >  0  and  m  <E  M,  ||m||  <  1,  h  =  exp(-ut)(m  o  Tt)  is  in  M,  since  Tt  is 
M-invariant  and  M  is  a  vector  space.  Using  the  equivalence  relations  for  the  operator 
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norms  ||  ||  and  ||  ||'  we  get 

\\h\\'  <  e-^Hmll'  •  \\Tt\\'  <  e~wt  ■  1  ■  eut  =  1    . 

Hence 

||x||'<sup{|/i(z)|;  heM,   \\h\\'<  1}    , 

which  proves  2.13  for  ||  ||'.  Therefore,  we  can  restrict  our  proof  to  the  case  D  =  1. 
Fix  a  strictly  positive  number  t  and  vector  x  £  B+.  Let  K  be  equal  to 

Ua-ll  .e("+l^+ll)- 

where  ||Z+|j  is  defined  by  2.36.  Let  a  =  a(K),  defined  by  2.44.  By  Corollary  2.1.1 
it  is  enough  to  prove  the  existence  of  the  solution  of  2.43.  We  define  inductively 
V°x  =  0,  and,  for  every  KNu{0}, 

Vk+lx  =  e-atTtx  +  (MP)  [      e-a'Ts[(L  +  a)Vtk_sx]ds    .  (2.45) 

./(o,o 

We  claim  that,  for  every  k  £  N  U  {0},  and,  for  every  t  £  [0,r],  Vt  x  is  well- 
defined,  0  <  Vtkx,  \\Vtkx\\  <  \\x\\  ■  exp((u  +  \\L+\\)t)  <  K,  and  [0,r]  3  t  — >  Vkx 
is  M-measurable.  Obviously,  for  k  =  0  the  statement  is  correct.  Assume  that  the 
statement  is  true  for  k.  Since  L  +  a  is  M-measurable  and  locally  Lipschitz,  it  follows 
that 

(m,  t,  s)  ^  m{e-a°Ts[{L  +  a)Vk_3x}} 

is  M  g)  B([0,t})  ®  B([0,t})/B(R)  measurable,  and  M-Pettis  integrable  with  respect 
to  s.  Therefore,  the  M-Pettis  integral  in  2.45  exists  and  Vk+1x  is  well-defined.  By 
Fubini  theorem 

(m,t)^->rn[Vtk+lx] 

is  M  <g>B([0,r])/B(ffi)  measurable.  Since  HV^xH  <  K,  and  Vk_sx  >  0,  it  follows,  by 
2.44,  that  (L  +  a)(Vk_3x)  >  0.  By  2.18  and  the  positivity  of  T,  we  obtain  Vk_+Slx  >  0. 
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Using  the  positivity  of  T,  one  more  time  we  obtain 

0  <  Vk+lx  <  e-atTtx  +  (MP)  /      e-asT.[(LVtk_,x)+  +  aVk_3x}ds  . 

J(o,t) 

By  2.8  for  positive  vectors  we  obtain 

\\Vk+1x\\  <  e-Q'||rtx||  +  ||(MP)  /      e-asTa[{LVtk_ax)+  +  aVk_,x)ds\\  . 

J(o,t) 

First,  we  estimate  \\e-aMT,[(LVtk_3x)+  +aVtk_tx\\  to  be  less  or  equal  to  e-a'  •eu"(||L+||  + 
a)||x||  exp[(a;  +  ||L+||)(i  —  s)],  and  then  apply  2.21  and  2.25  with  D  =  1,  to  obtain 

||\//<+1x||  <  \\x]\. 

e(w-a)t  +  e(.  +  ||Z,+  ||)t|t(||i/+||+a)e-S(||L+||+a)^    = 

=  ||x||  Uu~a)t  +  e(w+l|L+ll)t  ■  (-e~'(liL+ll+a)|o)]  = 

(<"+l|£+ll)« 


=     x  e* 


By  mathematical  induction,  the  statement  is  true  for  every  k  >  0. 

Let  C  =  C(K)  +  a,  where  C(K)  is  a  Lipschitz  constant  defined  by  2.39.  By  2.45, 
we  obtain 


Vk+lx-Vkx 


(MP)  /      e-a'T,[(L  +  a)Vk_,x  -  (L  +  a)Vk_-lx}ds 

J(0,t) 


The  norm 


< 


e-a>T,l(L  +  a)Vk_3x  -  (L  +  a)V^x] 
<£»-*  -C  -\\V*L.x-V}?x\\    , 

since  all  the  vectors  involved  are  bounded  by  K ,  and  L  is  locally  Lipschitz.   Let  K\ 
be  equal  to  exp(|u;  —  a\r).  Applying  2.21  recursively  k  times  we  obtain 


k      r<k 


Vk+1x  -  Vtkx  \\<KK*C 
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k 


ft  rt-»i  rt-*i  -...-«k_i  .     i" 

dsx  ds2-l  dsk  =  K    Kk    Ck  ■  - 

Jo  7o  Jo  k! 

Therefore  {  V^fc;  /c  >  0  }  is  a  Cauchy  sequence  in  B+  C  B.  B+  is  a  closed  subset  of  a 
Banach  space  B,  thus  there  exists  a  limit  (in  the  norm  sense) 

Vtx  =  lim  Vkx  G  B+    . 

k—too 

Since  ||VJ*x||  <  K,  and  m[Ftx]  =  \im.k-,00rn[Vtkx],  it  follows  that  tf  >— >  Vti  is  M- 
measurable  and  bounded  on  [0,t].  In  particular,  it  shows  that  5  t-»  e"a5ra[(Z,  + 
a)Vt_,s]  is  M-Pettis  integrable,  and,  for  every  m  G  M, 
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(MP)  /      e—T.ftL  +  a)Vt-ax]ds 
J(o,t) 

-I 


(o,0 

0 


e-aaT3[(L  +  a)Vt-,x] 

By  the  dominated  convergence  theorem,  the  integral  on  the  right  hand  side  is  the 
limit  of 

fm[e-'"T,[(L  +  a)Vtk_ax]]ds    , 

for  every  m  G  M.  Since  {Vt  +1x  —  e~atTtx}  converges  strongly  to  Vtx  —  e~atTtx,  and 
M  separates  the  points  in  B,  it  follows  that  Vtx  satisfies  2.28  for  exp(— at)Tt  and 
L  +  a.  By  Corollary  2.1.1  t  i-»  Vtx  is  the  solution  of  2.28  on  [0,t],  for  x  G  B+. 
Since  the  uniqueness  theorem  (Theorem  2.1.3)  is  valid  for  every  x  G  B+  and  every 
0  <  t  <  +00,  we  can  define  Vtx  for  every  x  G  B+  and  every  t  >  0,  so  that  Vtx  satisfies 
2.28,  Vtx  G  B+,  t  h- >  Vtx  is  M-measurable  and  bounded  on  bounded  subintervals. 

Q.E.D. 
Notice  that  if  the  condition  a)  from  Theorem  2.1.2  is  satisfied,  and  condition  2.44 
is  not  necessarily  satisfied,  the  same  proof  as  above  will  show  the  existence  of  the 
solution  of  2.28,  even  when  (Tt)  is  not  positive.  However,  in  such  a  case  we  can  not 
obtain  the  positive  solution,  in  general. 
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Let  (  Tt;  t  >  0  )  be  an  M-Pettis  integrable  semigroup,  i.e.,  (Tt)  satisfies  conditions 

in  Definition  2.1.3,  except  positivity.  Let  B  :   B  ►  B  be  an  M-invariant  bounded 

linear  operator.  Then  B  restricted  on  B+  is  locally  Lipschitz  (actually  Lipschitz), 
M-measurable,  and  satisfies  the  condition  a)  from  Theorem  2.1.2.  It  implies,  as  we 
just  said  in  the  paragraph  above,  that  there  is  a  solution  (St)  of  2.28,  which  is  the 
limit  of  approximations  (5tfc),  given  by  2.45,  for  a  =  0  (and  therefore  Corollary  2.1.1  is 
not  needed  in  this  case)  and  L  =  B,  but  (St)  is  not  necessarily  positive.  Since  all  the 
operators  involved  are  linear,  then  5*  is  linear,  and  therefore  St  is  linear,  too.  Thus,  it 
can  be  extended  on  B  =  B+  —  B+.  It  shows  that  there  exists  a  semigroup  (  St;  t  >  0  ) 
of  linear  operators  such  that,  for  every  x  £  B,  (m,t)  i— >  m[Stx]  is  M.  ®  #(lR+)/Z?(]R) 
measurable,  \\St\\  <  D  exp((u>  +  ||5||)t),  and, 

Stx  =  Ttx  +  (MP)  f      T,[B(St-tx)]ds    .  (2.46) 

J(o,t) 

Also,  Stx  =  lim/t^oo  S^x,  where  S°  =  0,  and 

Sf+lx  =  Ttx  +  (MP)  /      Ta[B(Si,x)]ds    .  (2.47) 

J(0,t) 

Let  us  restrict  our  attention  to  the  special  case,  when  B  is  separable  and  M  =  B*. 
As  we  have  seen  in  Example  2.1.1,  in  such  a  case  all  the  functions  involved  are  actually 
strongly  measurable,  and,  therefore,  Bochner  integrable.  In  particular,  our  semigroup 
(St),  given  by  2.46,  is  a  semigroup  of  bounded  linear  operators  which  satisfies  2.25 
and  t  h-»  Stx  is  weakly  measurable.  As  we  have  shown  in  Example  2.1.1,  it  implies 
that  (St)  satisfies  all  the  requirements  of  Definition  2.1.3,  except,  maybe,  positivity. 
Therefore,  there  is  a  solution  (  Wt;  t  >  0 )  of  the  equation 

Wtx  =  Stx  +  (      S,\(-B){Wt-,x))ds    ,  (2.48) 

7(0,0 
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where  the  integral  involved  is  the  Bochner  integral.  If  we  rewrite  2.46,  using  Bochner 
integral  and  linearity  of  the  operators  involved,  we  obtain  that 

Ttx  =  Stx  +  /      T.[(-B)(St-.x)]ds    . 

J(0,t) 

These  are  exactly  the  conditions  of  Lemma  2.1.3.   Since  (-B)  —  (-B)  =  0,  we  get, 

for  every  x  £  B+,  Wtx  =  Ttx,  and,  because  of  linearity,  it  follows  Wt  =  Tt.  It  shows 

that 

Stx  =  Ttx  +  /      S0[B(Tt-tx)]ds    , 
J(o,t) 

which  is  exactly  2.41.  Hence,  we  just  proved  the  following  statement: 

Corollary  2.1.2  If  B   is  separable  and  (Tt;  t    >   0  )   a  semigroup  of  bounded  linear 
operators  on  B,   which  satisfies  2.25,   and  t  i— »  Ttx  is  weakly  measurable,   then,  for 

every  bounded  linear  operator  B  :  B  >  B,  there  exists  a  unique  semigroup  (  St;  t  > 

0)  of  bounded  linear  operators  on  B,  such  that  t  t-»  Stx  is  weakly  measurable,   and, 
for  every  t  >  0, 

\\St\\  <  D-e^^1    ,  (2.49) 

and  (St)  satisfies,  for  every  x  £  B, 

Stx  =Ttx+  f     S,[B(Tt-sx)]ds  = 
.7(0,0 

=  Ttx+  [     Ts[B(St-3x)]ds    ,  (2.50) 

J(0,t) 

where  all  the  integrals  involved  are  Bochner  integrals.   Moreover,  if  (Tt)  is  also  posi- 
tive, and  B  satisfies  2.44 >  then  (  St;  t  >  0  )  is  positive. 

Let  us  show  that  some  of  the  measurability  conditions  given  in  this  section  are 
much  simpler  in  the  separable  case,  then  in  general  case.  Recall  that  in  the  separable 
case  the  cr-algebra  of  Borel  sets  with  respect  to  the  norm  topology  is  equal  to  the 
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smallest  cr-algebra  on  B  such  that  all  mappings. x  t-*  /(x),  /  £  B*,  are  measurable. 
Consider  a  mapping  (x,/)  i— »  f{x)  on  B  x  B*.  It  is  continuous  with  respect  to  the 
first  variable,  and  M  measurable  with  respect  to  the  second  variable.  Since  B  is 
separable  metric,  the  mapping  (x,f)  t- »  /(x)  is  B(B)  ®  A4/5(R)  measurable.  This 
fact  enables  us  to  prove  the  following  proposition. 

Proposition  2.1.1  Let  B  be  a  separable  Banach  space  and  M  =  B*.  Then  a  vector- 
valued  function  t  i— *   x(t)  is  Wl-measurable  if  and  only  if  it  is  weakly  measurable. 

If  L   :    T>{L)    C   B   >   B   is  a  continuous  operator  then  it  is  M -measurable.     In 

particular,  every  locally  Lipschitz  operator  is  M -measurable,  and,  if  B  is  a  Banach 
lattice,  x  >— >  x+  is  M-measurafr/e. 

Proof.  If  £  i-*  x(i)  is  weakly  measurable  then  it  is  B(I)  j 'B(B)  measurable.  Then 
(i,  /)  i-»  (i(£),  /)  is  B{I)  ®  M/B(B)  ®  X  measurable.  Finally,  (i,  /)  h*  (x(t),  /)  •-» 
f(x(t))  is  a  composition  of  measurable  functions,  i.e.,  it  is  B(/)® ,M/2?(R)  measurable. 
The  reverse  statement  is  always  true. 

If  i  i— >  x(t)  G  1){L)  is  M-measurable,  then  it  is  weakly  measurable,  i.e.,  it  is 
B(I)/V(L)  n  #(B)  measurable.  Since  L  is  continuous,  it  is  V{L)  n  B(B)/B(B) 
measurable,  which  shows  that  i  i-»  L(i(£))  is  weakly  measurable,  and,  therefore, 
M-measurable.  The  last  statement  follows  since  every  locally  Lipschitz  operator  is 
continuous,  and  x  i-»  x+  is  continuous  in  Banach  lattice. 

Q.E.D. 

We  will  finish  this  section  with  a  remark  on  condition  2.44.  As  we  have  seen 
it  is  a  sufficient  condition  for  the  positivity  of  a  perturbed  semigroup.  Notice  that 
for  some  classes  of  operators  this  is  also  a  necessary  condition.  More  precisely,  let 
B  =  Rn,  where  x  =  (xu.  ..,xn)<y=  (y1}.  ..,yn)  if  x,  <  yt,  for  i  =  1,. . .  ,n.  Let 
A  :  Rn  ►  Rn  be  a  linear  operator,  i.e.,  A  is  a  matrix  (otj)rj=i-  Then  there  exists  a 
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uniformly  continuous  semigroup 

fc=0      K- 

which  satisfies  the  equality 

Stx  =  x  +  /    A(St-,x)ds    . 
Jo 

We  claim  that  the  following  three  statements  are  equivalent: 

i)  St  is  positive,  for  every  t  >  0 

ii)  A  satisfies  2.44 

iii)  for  every  i,j  E  {1, . . .  ,n},  i  /  ;,  atJ  >  0    . 

By  Theorem  2.1.4,  ii)  implies  i).    iii)  implies  ii),  since  a  =  max,{|a„|}  will  give 

Ax  -f  ax  >  0,  for  every  x  >  0.    Let  us  prove  that  i)  implies  iii).    Suppose  contrary 

to  the  claim  that  there  exist  i0  and  j0  in  {1, .  .  .  ,n}  such  that  i0  ^  j0  and  a,0j0  <  0. 

We  consider  x  =  (xj,  .  .  .  ,xn)  such  that  x,  =  0,  if  i  ^  j0,  and  xJO  =  l/(— a,o7o).  Then 

xl0  =  0  and  (Ax)l0  =  — 1.    We  define  /(i)  =  (5tx),0.    Then  f(t)  is  a  differentiable 

function,  /(0)  =  x,0  =  0,  /'(0)  =  (As)j0  =  — 1,  and  /'(i)  is  continuous.  Hence,  there 

is  £  >  0  such  that  on  [0,e]  /'(t)  <  0,  and,  since  /(0)  =  0,  we  must  have  /(i)  <  0  on 

[0,e].  This  contradicts  i).  Hence,  the  proof  is  complete  and  all  three  statements  are 

equivalent. 

2.2     Supersemigroups  and  Superprocesses 

In  this  section  we  will  define  the  main  notion  of  this  work.  We  will  follow  the 
approach  developed  by  P.  Fitzsimmons  and  E.B..  Dynkin,  and  show  that  their  results 
are  special  cases  of  results  from  section  2.1. 

Let  (B,  ||  ||,  <)  be  a  Banach  space  and  a  linear  lattice  with  norm-closed  positive 
cone.  Let  M  C  B*  satisfies  2.10-2.13,  and  consider  a  measurable  space  (M+,.Vf  +  ), 
where  M+  =  Mfl  B*|+,  and  M+  =  M+  fl  M.  Following  Dynkin  [18]  we  will  say,  for 
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every  measure  Q  on  (M+,  M.  +  ),  that 

i£B+^  /      e-m(l)Q(dm)  (2.51) 

JM+ 

is  the  Laplace  transform  of  the  measure  Q. 

Let  (Tt;  t  >  0)  be  a  positive,  M-Pettis  integrable  semigroup,  as  defined  in  Def- 
inition 2.1.3,  and  let  L  :  B+  — >  B  be  a  SOLP-operator  (see  Definition  2.1.4). 
Then  there  is  a  unique  solution  ( Vt\  t  >  0 )  of  2.28,  which  is  a  positive,  (in  general 
nonlinear)  semigroup  (see  Theorem  2.1.4). 

Definition  2.2.1  A  family  of  kernels  Qt(m,dn)  on  the  measurable  space  (M.+  ,M  +  ) 
is  a  (Tt,  L)-supersemigroup  if,  for  every  m  G  M+  and  x  £  B+, 

/       e-n{x)Qt{m,dn)  =  e-m{Vtx)      .  (2.52) 

The  existence  and  the  uniqueness  of  such  semigroups  in  the  generality  of  Definition 
2.2.1  is  not  known.  However,  in  some  special  cases  it  has  been  studied  by  several  au- 
thors (see  [10]  for  detailed  bibliography).  The  case  of  (Tt,  Z*)-supersemigroup,  where 
(Tt)  is  a  Markov  semigroup,  and  L  is,  so  called,  branching  mechanism  has  been  stud- 
ied by  Watanabe,  Dawson,  Dynkin,  Fitzsimmons  and  others.  We  will  restrict  our 
consideration  to  this  situation. 

Let  (E,£)  be  a  standard  measurable  space,  i.e.,  there  is  a  Polish  space  (Z,B(Z)), 
with  Borel  a-algebra,  which  is  Borel  isomorphic  to  (E,£).  Recall  ([6],  Theorem 
8.3.6.)  that  any  two  Polish  spaces  of  the  same  cardinality  are  Borel  isomorphic,  and 
that  a  Polish  space  is  either  countable  or  has  the  cardinality  of  the  continuum.  It 
follows  that  a  measurable  space  is  standard  if  and  only  if  it  is  Borel  isomorphic  to  a 
compact  metric  space  with  Borel  a-algebra.  Therefore,  we  can  introduce  a  metric  on 
E,  such  that  E  becomes  compact  and  £  is  the  a-algebra  of  Borel  sets  with  respect 
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to  the  metric.  Notice  that  our  notion  of  a  standard  space  is  equivalent  to  the  notion 
of  Lusinian  measurable  space  in  [54]  (our  terminology  is  from  [6]  or  [18]). 

We  will  denote  the  set  of  (respectively,  bounded,  bounded  nonnegative)  real- 
valued  ^-measurable  functions  on  E  by  (respectively,  b£,  bp£)  £.  Then  B  =  b£ 
with  the  supremum  norm,  and  with  the  partial  order  inherited  from  the  real  line  is 
a  Banach  lattice,  where  B+  =  bp£.  If  M  is  the  space  of  all  finite  signed  measures  on 
(E,£),  then  M  satisfies  2.10-2.13,  and  M+  is  the  set  of  all  finite  (positive)  measures 
on  (E,£).  See  Example  2.1.2  for  all  these  results.  For  /  £  b£  and  \x  £  M  we  will 
denote  the  integral  JE  fdfi  by  (/z,  /). 

Remark  2.2.1  There  exists  a  metric  d  on  M+  (so  called  Prohorov  metric)  such  that 

d(fin,  fi)   — >   0  if  and  only  if  /in   >   /z;   where  fin    >   fi  means  weak  (Bernoulli) 

convergence,  i.e.,  for  every  bounded  and  continuous  /,  (iin,/)  ~~ *  (Mj/)- 

It  is  important  that  we  understand  statements  about  (M+,.M  +  )  properly.  If  we 
talk  about  measurability  properties  of  M+  then  no  topology  (or  metric)  is  needed, 
since  the  definition  of  M+  is  purely  measure-theoretic.  But,  if  we  talk  about  the 
Prohorov  metric  (or  weak  convergence)  then  we  assume  certain  topology  on  E.  If 
we  do  not  specify  this  topology,  it  means  that  we  consider  E  as  a  compact  metric 
space  described  above.  Notice  that  in  this  case  M+  with  Prohorov  metric  is  a  locally 
compact,  complete,  separable  metric  space  and  its  Borel  cr-algebra  is  exactly  ,A/f  +  .  In 
particular,  it  shows  that  (M.+,M  +  )  is  a  standard  measurable  space.  For  the  proofs 
of  results  mentioned  above  see,  for  example,  [7],  pp. 607-638. 

However,  sometimes  we  can  consider  E  with  its  "natural"  topology  (if  it  exists, 
of  course),  which  is  not  necessarily  compact.  In  such  a  case,  we  have  to  deal  with 
topological  properties  of  M+  separately. □ 
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Let  (  =  ( (t]  t  >  0  )  be  a  time-homogeneous  Markov  process,  with  state  space 
(E,£),  transition  function  pt(x,dy),  and  corresponding  semigroup  (Tt]  t  >  0).  We 
assume  that,  for  every  A  G  £,  (*,x)  >— >  pt(x,j4)  is  measurable.  (Ti)  is  a  contrac- 
tion semigroup,  and,  as  we  have  seen  in  Example  2.1.2,  (Tt)  is  a  positive,  M-Pettis 
integrable  semigroup. 

Let  b  £  b£,  c  £  bp£,  and  n(x,du)  be  a  positive  kernel  from  (E,£)  to  the  measur- 
able space  of  positive  real  numbers  ((0,  +oo),  #((0,  +oo)))  such  that 

y  +  oo 

i  — >    /        un(x,du)  G  bp£    .  (2.53) 

Jo 

In  particular,  2.53  shows  that  there  is  a  constant  k  >  0  such  that,  for  every  x  6  E 

and  e  >  0, 

k 

n(x,[e,+oo))  <  -    .  (2.54) 

We  define  a  branching  mechanism  as  a  function  ty  :  E  x  K+  >  R  of  the  form 

r  +  oo 

#(x,A)  =  -6(x)A-c(x)A2  +  /       (1  -e-Au)n(a:,du)    .  (2.55) 

For  /  6  &p£  we  define  #/  6  £  by 

(¥/)(*)  =  ¥(x,/(x))    .  (2.56) 

Using  2.53  and  the  fact  that,  for  z  >  0,  1  —  e~z  <  z,  we  obtain  that,  for  every  /  6  bp£, 

/  ll  r+°°  \ 

ll*/ll<  11/11 -(11*11  +  114 -11/11  +  1/       un(x,du)J     .  (2.57) 

Notice  that  the  factor  ||c||  •  ||/||  prevents  us  from  concluding  that  $  is  bounded,  but 
2.57  does  show  that  *  :  bp£  ->  b£,  and  *0  =  0.  Notice  also  that  directly  from 
the  definition  2.55  follows  that  $  is  M-measurable.  Let  us  prove  that  \P  is  locally 
Lipschitz.  Applying  the  mean  value  theorem  on  z  i— >  exp(  —  z),  we  obtain 

|(*/)(x)-(*5)(x)|<|/(x)-5(x)|- 
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\b(x)\  +  c{x)\f(x)  +  g(x)\  + J       un(x,du)J     , 

which,  together  with  2.53,  shows  that  ^  is  locally  Lipschitz. 
It  is  possible  to  rewrite  a  branching  mechanism  in  the  form 

*(x,A)  =  -6(x)A  -c(x)A2  +  /   °°(1  -e~Xu-  Xu)n(x,du)    ,  (2.58) 

Jo 

where 

r+oo 

b(x)  =  b(x)  -  un(x,du)    .  (2.59) 

Jo 

Notice  that  the  assumption  2.53  was  crucial  here,  and  that  it  shows  that  b  (E   b£. 
Since  1  —  e"Au  —  Xu  <  0,  for  A  >  0,  it  follows  that,  for  every  /  £  bp£, 


W)+  =  (6)--/ 


(2.60) 


This,  together  with  our  choice  of  Banach  lattice  b£,  shows  that  an  operator  $  satisfies 
condition  b)  from  Theorem  2.1.2,  and  that  ||^'+||  =  \\b~\\. 

Let  K  >  0  be  a  positive  number.  The  fact  that  the  derivative 
d 


dX 


#(x,A) 


< 


+  2A||c||  + 


/        un(x,du) 
Jo 


implies  that 


a  =  a{K)  —        sup 

xeE,xe[o,K] 


Tx*^ 


is  finite  and  nonnegative.  Then,  for  every  x  £  E,  X  i— >  ^(x,A)  +  aX  is  nonnegative 
and  increasing  on  [0,  if],  which  implies  that  $  satisfies  condition  2.44.  Hence,  we 
proved  that  $  is  a  SOLP-operator.  It  follows  now,  from  Theorem  2.1.4,  that  there 
exists  one  and  only  one  solution  Vt  :  bp£  — >  bp£  of  an  integral  equation 

(Vtf)(x)  =  (Ttf)(x)  +  f  T.[VVt-tf]{x)ds    ,  (2.61) 

Jo 

and  that  (  Vt\  t  >  0)  is  a  semigroup,  (i,x)  i— »  (Vtf)(x)  is  measurable,  and,  for  every 
/  £  bp£, 

\\Vtf\\  <  e^-^WfW    .  (2.62) 
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This  result  was  obtained  by  Fitzsimmons,  [28],  using  similar  method  as  our  it- 
eration method  in  section  2.1.,  but  applied  only  to  the  case  of  bp£  and  \P,  and  by 
Dynkin,  [18],  in  the  case  of  *(x,  X)  =  —A2,  and  by  different  method.  Here  we  just 
proved  that  their  results  are  special  cases  of  our  general  result  given  in  section  2.1. 
However,  the  semigroups  of  this  type  were  studied  in  connection  with  measure- valued 
processes  for  the  first  time  in  Watanabe,  [56],  and  in  several  works  by  Dawson  (see 
[10]  for  complete  bibliography).  It  must  be  mentioned  that  the  basic  ideas  for  such 
development  were  already  given  in  Jifina,  [36].  Following  Dynkin's  terminology  we 
will  give  a  special  name  to  a  (Tt,  ^-supersemigroup. 

Definition  2.2.2  A  (Tt,$) -supersemigroup,  where  ^  is  a  branching  mechanism,  and 
(Tt)  is  a  semigroup  which  corresponds  to  a  Markov  process  (£t)  is  called  a  Dawson- 
Watanabe  supersemigroup. 

Markov  process  (Xt;  t  >  0)  with  the  state  space  (M+,.Vf  +  )  is  called  a  Dawson- 
Watanabe  superprocess  over  (£(),  with  branching  mechanism  ty ,  if  its  semigroup  is  a 
Dawson- Watanabe  supersemigroup. 

We  will  use  the  same  name  (Dawson- Watanabe  supersemigroup)  to  indicate  the 
transition  function  Qt(p.,dv)  on  (M+,  M  +  ),  and  the  actual  semigroup  of  operators 

{QtF){n)=  I     F{v)Qt{n,dV)    .  (2.63) 

Also,  when  it  is  clear  what  $  and  (£t)  are,  we  will  refer  to  (Xt)  as  to  a  superprocess 
only. 

The  question  of  the  existence  and  uniqueness  of  the  superprocess  comes  immedi- 
ately into  consideration.  Notice  that  once  we  have  a  supersemigroup  Qt(n,  dv),  then, 
since  (M+,  M  +  )  is  a  standard  space,  Kolmogorov  existence  theorem  guarantees  the 
existence  of  the  superprocess  (Xt).  Of  course,  for  a  moment  we  do  not  say  any- 
thing about  regularity  properties  of  (Xt).   We  will  come  to  this  in  the  next  section. 
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Therefore,  the  question  is  the  existence  and  uniqueness  of  Qt(fi,dv),  given  by  2.52. 
Notice  that  the  Markov  property  of  Qt{n,  dv)  is  the  consequence  of  the  semigroup 
property  of  (Vt).  Notice  also  that  \l  h-»  exp(-{fi,Vtf))  is  .M  +  - measurable.  An  ap- 
plication of  the  monotone  class  theorem  for  the  multiplicative  systems  of  functions 
shows  that  (i  t-»  Qt(fi,di/)  is  .M+-measurable  ,  i.e.,  Qt(fi,dv)  must  be  a  kernel,  if 
it  exists.  Vt0  =  0  shows  that  every  Qt(n,dv)  is  a  probability  measure.  That  the 
Laplace  transform  determines  a  measure  uniquely  (on  a  standard  space)  has  been 
proved  in  [18],  pp. 264-265.  Therefore,  it  is  enough  to  prove  that  for  any  p.  and  t  >  0 
there  exists  a  measure  Qt(fi,di/)  which  satisfies  2.52.  The  solution  to  this  problem 
has  been  given  in  [28].  However,  some  parts  of  the  construction  from  [28]  are  more 
demanding  than  it  may  look  at  first  sight.  This  and  the  wish  for  completeness  of  the 
work  led  us  to  include  these  proofs  here. 

Notice  that  (B+,  +)  forms  a  two-divisible  semigroup,  i.e.,  for  every  x  £  B+,  there 
exists  y  G  B+,  such  that  x  =  y  +  y  (of  course,  y  =  (l/2)x).  Hence,  the  Laplace 
transform  is  a  positive  definite  function  on  the  semigroup  B+  (see  2.51).  The  theory 
of  positive  definite  functions  on  a  two-divisible  semigroup  (5,  +  )  is  developed  in  [2].  It 
has  been  proved  there  that  for  every  bounded  positive  definite  function  ip  :  S  — >  R 
there  exists  a  unique  positive  Radon  measure  7  on  S,  such  that 

<p(s)  =  JgQ(s)<y(de)    ,  (2.64) 

where  S  is  the  set  of  bounded  semicharacters,  i.e.,  of  the  functions  g  :  S  — >  [0, 1] 
such  that  g(0)  =  1,  and  g(s1  +  s2)  =  q{si)  ■  g(s2).  Moreover,  if  tp(0)  =  1,  then 
7  is  a  probability  measure.  Recall  also  ([2],  Theorem  3.2.2.)  that  positive  definite 
functions  are  negative  exponentials  of  negative  definite  functions,  i.e.,  of  the  functions 

6  :  S  ►  R,  such  that 

£  0,0^(5, +  Sj)<0    ,  (2.65) 
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whenever  {a1; .  .  .  ,  an}  C  R  sum  to  zero,  {si, .  .  .  ,sn}  C  5,  and  n  >  2.  Therefore, 
in  application  of  these  theories  on  the  solution  (Vt)  of  2.28,  one  has  to  prove  first 
that  x  >—*  m[Vtx]  is  negative  definite.  In  terms  of  branching  mechanism  and  in  the 
notations  of  bp£,  one  has  to  prove  that  /  i— ►  (Vtf)(x)  is  negative  definite,  for  every 
x££  (do  not  confuse  i££  and  x  £  B  !). 

Remark  2.2.2  The  statement  about  negative  definitness  of  /  •— »  (VJ/)(x)  is  given  in 
[28],  p. 341,  and  it  is  suggested  there  that  the  proof  is  standard.  Through  private 
communication  with  the  author  of  [28]  we  pointed  out  some  possible  difficulties  in 
the  proof.  After  some  discussion  both  sides  offered  correct  proof  (which  happened  to 
be  the  same  on  both  sides).  This  is  still  a  standard  proof,  but  different  from  the  first 
proof  that  was  suggested.  We  present  the  proof  below. □ 

Proposition  2.2.1  Let  B+  =  bp£,  and  L  =  #.  If  (Vt;  t  >  0)  is  a  solution  of  2.28, 
then,  for  every  t  >  0  and  x  £  E , 

f»(Vtf)(x)  (2.66) 

is  negative  definite  on  (bp£,+). 

Proof.  Consider,  for  every  m  (E  N,  the  branching  mechanism 

*m(s,  A)  =  -b(x)\  +  /       (1  -e~Au-  \u)h(x,du)    ,  (2.67) 

Jo 

where 

n(x,  du)  =  n(x,  du)  -\-  1m  c(x)6rj_\    ,  (2.68) 

where  8{ay  is  the  point-mass  at  a.  Notice  that,  for  every  x  and  A,  $m(s,  A)  — »  \I/(x,  A), 
when  m  — >  +oo.  Hence,  for  every  /  and  x,  there  is  a  subsequence  {mjt}  such  that 
{W™hf){x)  ->  (K/)(x),  where  (  W™;  t  >  0 )  is  the  solution  of  2.28  for  L  =  $m. 
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Therefore,  it  is  enough  to  prove  negative  definiteness  of  the  solution  of  2.28  where 
L  is  the  branching  mechanism  of  the  form  2.67.  Notice  that,  because  of  2.53,  such 
branching  mechanism  can  be  written  in  the  form 

r+oo 

(x,  A)  h->  -b(x)X  +  /       (1  -e-Xu)h(x,du)    .  (2.69) 

Jo 

For  a  fixed  i  £  E,  the  function  above  is  a  Bernstein  function  (see  [3]).  The  com- 
position of  a  Bernstein  function  with  a  negative  definite  function  is  again  negative 
definite  (see  [3],  and  [2]  p. 114).  If  (  Wt;  t  >  0)  is  the  solution  of  2.28  with  the  branch- 
ing mechanism  of  the  form  2.69,  then  (Wtf)(x)  =  lim/_00(J4/t'/)(x),  where  W[  are 
defined  inductively  by  2.45.  Since  W®  =  0  is  negative  definite,  and  linear  function 
(Ttf)(x)  is  negative  definite,  we  prove  inductively  that  [Wltf)(x)  is  negative  definite, 
for  every  /  (applying  the  above  fact  about  Bernstein  function). 

Q.E.D. 

Remark  2.2.3  There  is  a  possibility  for  an  easy  mistake  in  the  proof  above.  In  some 
cases  a  function,  say  8,  can  be  regarded  as  a  function  on  a  group  and  on  a  semigroup, 
as  well.  Typical  example  is  the  function  8{x)  =  —  x2.  8  is  the  negative  definite 
function  in  the  sense  of  a  semigroup  (R+,-f),  but  8  is  not  the  negative  definite 
function  in  the  sense  of  a  group  (R,  +).  However,  when  we  compose  8  the  situation 
changes.  6  composed  with  the  negative  definite  function  in  the  sense  of  a  semigroup 
(R+,+)  is  not  necessarily  a  negative  definite  function  on  (R+,+).  For  example, 
x  h- >  ln(l  +  x)  is  a  negative  definite  function  on  (R+,  +)  (to  prove  that  consider  the 
Laplace  transform  of  the  T-distribution),  but  i  >—*  —  [ln(l  +  x)]2  is  not.n 

The  last  part  of  the  construction  of  Qt(fi,dv)  is  given  in  [28].  For  the  sake  of 
completeness  we  will  present  it  here  (in  some  nonessential  details  our  argument  will 
be  different). 
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Notice  that,  for  every  x  £  E,  limn^00(Vrti)(i)  =  0,  by  2.62.  By  Proposition  2.2.1 
and  2.64  there  is  a  probability  measure  7  on  S  (where  S  =  bp£),  such  that 

e-<»™=J_Q(f)>y(dQ)    ,  (2.70) 

and  7  is  unique.  Since  g(l/n)  =  g(l)1/n,  it  follows  that  7  is  concentrated  on 

S+  =  {  g  £  S  J  g(s)  >  0,  for  every  s  £  S  }    . 

If  /n  \0,/„£  bp£,  then  (Vrt/n)(x)  \  #(t)  >  0,  since  Vt  is  monotone,  by  2.70  (in  the 
sense  that  if  f,g  6  &p£,  f  <  g,  then  VJ/  <  Kg).  Using  2.28  we  get 


g(t)=  f*Ta[9g(t-a)]ds 

Jo 


By  the  uniqueness  of  the  solution  of  2.28,  we  obtain  g(t)  =  0,  i.e.,  Vtfn  \  0.  By  2.70, 
g(fn)  /  1  7-(a.e.). 

If  we  fix  /  e  bp£,  g  £  S+,  and,  for  every  t  >  0,  we  denote  g[tf)  by  g(t),  then 
5(0)  =  1,  g  :  [0,  +00)  — ►  (0, 1],  and  g(t  +  s)  =  g(t)g(s).  Hence,  g[t)  =  exp(-ot), 
where  a  =  -  In  g(f)  >  0. 

Now,  let  us  define  T  :  bp£  — ►  bB(S+)  by 

(Tf)(g)  =  - In  g(f)    ,  (2.71) 

where  B(S+)  is  the  a-algebra  of  Borel  sets  on  S+-.  We  just  proved  that  T  is  additive, 
homogeneous  for  positive  real  numbers,  and,  if  fn  \  0,  then  Tfn  \  0  7-(a.e.).  Very 
simple  adjustment  of  the  theorem  in  [31]  for  the  case  of  standard  spaces,  shows  that 
there  exists  a  kernel  K  on  S+  x  £,  bounded  and  positive,  such  that,  for  every  /  £  bpS, 

Kf  =  Tf      7-(a.e.).  (2.72) 

Hence,  for  every  g  £  S+  there  is  a  measure  Ke  in  M+,  and,  by  definition  of  M  +  , 
Q  '— *  Ke  is  £?(5+)/,A/f +  -measurable.  Let  Q  be  the  image  measure  of  7  under  g  h-+  Ke. 
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Then,  by  2.70  and  2.72, 

e~^Vtf)  =  JM+e-<vJ\Q(dv)    ,  (2.73) 

and  the  construction  of  a  Markov  transition  function  Qt(p.,di/),  which  is  also  a  su- 
persemigroup,  is  complete.  In  other  words  we  proved  the  following  theorem: 

Theorem  2.2.1  (Dynkm,  Fitzsimmons)  Let  {E,£)  be  a  standard  space.  For  every 
time-homogeneous  Markov  process  (  on  E,  such  that  (t,  x)  h-»  pt{x,  dy)  is  measurable, 
and,  for  every  branching  mechanism  #,  which  satisfies  2.53,  there  exists  one  and  only 
one  supersemigroup  Qt(fj,,di/). 

Remark  2.2.4  Locally  Lipschitz  property  was  crucial  in  the  construction  of  the  su- 
perprocesses.  We  were  using  2.53  to  obtain  it.  However,  it  is  worth  mentioning  that 
locally  Lipschitz  property  of  #  follows  under  weaker  condition  than  2.53,  i.e.,  under 
the  condition 

x  i-»  /    u2n(x,du)  +   /     un(x,du)ebp£    . 

But  in  this  case  we  can  not  transform  2.55  into  2.58  and  vice  versa.  Therefore,  it 
leads  to  different  constructions  where  our  general  approach,  developed  in  section  2.1., 
cannot  be  applied  so  easily.  For  the  construction  of  superprocesses  under  this  weaker 
condition  we  refer  to  [10],  Chapter  3. 

Let  us  also  mention  that  in  [28]  the  author  assumes  2.53  and  one  more  condition, 
i.e.,  that 

u2n(x,  du)  £  bp£    , 

o 

but  he  uses  it  only  for  the  regularity  properties  of  the  superprocesses.  For  the  con- 
struction of  the  supersemigroup  it  is  not  needed.  □ 

Let  us  mention  that  there  is  a  nice  (and  important,  as  we  will  see  later),  proba- 
bilistic interpretation  of  the  branching  mechanism  $.   Notice  that,  for  every  x  6  E, 
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A  >—>  ty(x,  A)  is  a  Log-Laplace  function  of  an  infinitely  divisible  distribution  (see  [27], 
XIII. 7.).  More  precisely, 

e-*(x,A)  =  g  ^-X{D.+Nm+P.)j       ^  (2  ?4) 

where  Dx,  Nx,  Px  are  independent  random  variables  with  values  in  R,  such  that  Dx 
is  a  point-mass  at  —  b(x),  Nx  is  a  centered  normal  distribution  with  Vav(Nx)  =  2c(i), 
and  Px  is  a  positive  infinitely  divisible  distribution  with  finite  expectation 


E(Px)  =  f 
Jo 


un(x,du)    .  (2-75) 


Recall  also  (see  [35]  for  example),  that  there  is  a  unique  temporally  homogeneous 
Levy  process,  i.e.,  a  process  with  stationary  independent  increments  with  no  point 
of  fixed  discontinuity  and  whose  sample  paths  are  cadlag,  say  (Lt        ),  such  that 


•  *<*.) 


e-*(*.A)  =  E  (e-*Li        )     .  (2.76) 


If  *(x,A)  =  -A  then  (if**'"*)  is  a  uniform  motion  to  the  left.  If  *(x,A)  =  -A2 
then  (Lt  )  is  a  standard  Brownian  motion.  If  ty(x,  A)  =  1  —  e~x  then  (Lt  )  is  a 
Poisson  process. 

We  will  apply  Lemma  2.1.3  on  superprocesses  to  obtain  an  interesting  result, 
which  suggests  that  in  some  cases  we  can  study  always  the  same  (and  extremaly  sim- 
ple) Markov  process,  and  change  the  perturbing  operator  accordingly,  to  get  Dawson- 
Watanabe  superprocess. 

Let  us  denote  the  trivial  semigroup,  which  consists  only  of  identity  operators,  by 
( Idt]  t  >  0  ).  This  semigroup  is  defined  on  b£,  but  also  it  is  defined  on  any  subspace 
of  bE.  To  this  semigroup  corresponds  a  trivial  Markov  process  on  (E,  £"),  which  "stays 
forever  at  the  point".  Let  us  denote  this  Markov  process  by  (dt;  t  >  0).  Then,  for 
every  t  >  0,  dt  =  d0. 
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Theorem  2.2.2  Let  £  be  a  Markov  process,  such  that  there  exists  an  Nl-invanant, 
bounded,  linear  operator  A,  such  that,  for  every  t  >  0,  Tt  =  exp(tA).  Then  there 
exists  a  Dawson- Watanabe  supersemigroup  over  £,  with  branching  mechanism  ^,  and 
is  equal  to  a  (Idt,  ty  +  A) -supersemigroup. 

Proof.  By  our  assumptions,  for  every  G  G  £, 

Pt(x,G)  =  P*(6  eG)  =  (Ttla)(x)  =  £  ^(AnlG)(x)  , 

Tl=0 

which  shows  that  (t,x)  •— »  pt(x,dy)  is  measurable.  By  Theorem  2.2.1,  there  ex- 
ists one  and  only  one  supersemigroup  Qt(fi,di/),  such  that  its  Laplace  transform  is 
exp(  —  (fi,  Vtf)),  where,  for  every  /  €  bp£, 


Vtf  =  TJ  +  (MP)  /      T,[*(Vt-.f)]d3 
J(o,t) 


As  we  have  seen  in  Example  2.1.2  (Tt)  is  a  positive,  M-Pettis  integrable  semigroup, 

and 

Ttf  =  Idtf  +  (MP)  f     Ts[A{Idt^f)}ds    , 
■>(°.0 

which  implies,  since  A  and  Ts  commute, 

Idtf  =  Ttf  +  (MP)  /      Id,[{-A){Tt-af)]ds    . 
Since  A  is  M-invariant,  we  are  in  the  situation  of  Lemma  2.1.3,  which  implies  that 

Vtf  =  Idtf  +  (MP)  /      Id.[(9  -  (-A))(Vt-.f)]ds  = 

7(o,o 

=  f  +  (MP)  f     (*  +  A)(VJ)ds    .  (2.77) 

7(o,o 

Q.E.D. 
An  example  of  a  Markov  process  which  satisfies  Theorem  2.2.2  is  a  Poisson  process. 
Another  interesting  class  of  processes  which  satisfy  Theorem  2.2.2  consists  of  Markov 
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chains  with  differentiable  transition  probabilities.  We  will  describe  this  case  more 
carefully  here. 

Let  E  =  {l,2,...,n}  and  £  =  2E .    In  this  case  B  =  bS  is  equal  to  Rn,  and 
B+  =  bp£  is  equal  to 

R^  =  {(xu...,xn)  eEn|i,>0,  for  every  i  }     . 

However  M  =  B*  is  also  equal  to  Rn,  and  M+  =  R".  Notice  that  M  =  B{Rn)  and 
,A/f  +  =  Z?(R").  To  distinguish  between  measures  and  functions  we  will  use  notation 
f,g,  ...,/  =  (/i, ...  ,/n)  for  functions,  and  fi,v, . . .,  \i  =  {fix, . . .  , /xn)  for  measures.  Of 
course  p.t  =  fi({i}),  and  /,  =  f(i),  and  (fi,f)  =  E?=i  M./«-  In  tnis  case  Tt  is  a  matrix 
with  elements  ptJ(t),  i,j  £  E,  and  the  measurability  condition,  on  (t,x)  i-»  pt(x,dy), 
is  equivalent  to  the  condition  that,  for  every  i,j,  t  *-*  ptj(t)  is  measurable.  By 
Theorem  2.2.1,  the  Dawson- Watanabe  supersemigroup  exists  already  in  this  case, 
but  we  would  like  to  consider  the  cases  in  which  requirements  for  Theorem  2.2.2  are 
fulfilled.  Since  we  are  in  a  finite  dimensional  case,  these  requirements  are  equivalent 
to  the  condition  that  (Tt)  is  a  Feller  semigroup,  which  is  equivalent  to  the  condition 
that,  for  every  i,j, 

hmPlJ(t)  =  8l]    .  (2.78) 

In  the  following  we  will  restrict  our  attention  to  such  semigroups  (Tt).    In  such  a 

case  there  exists  a  matrix  A,  an  infinitesimal  generator,  such  that  A  =  (a1J7)"  and 

Tt  =  exp(tA),  and 

atJ>0,  fori/ j,  £>„  =  0    .  (2.79) 

j=i 

Compare  this  condition  to  the  end  of  section  2.1. 

A  good  reference  for  these  results  is  [5].    In  [5]  a  transition  matrix  (Tt),  which 
satisfies  our  conditions,  is  called  a  standard  transition  matrix,  and  the  matrix  A  is 
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called  a  Q-matrix.  We  will  refer  to  (Tt)  as  a  standard  transition  matrix,  but  to  A  as 
an  infinitesimal  generator  (we  use  Q  for  supersemigroups). 

Typical  example  of  a  Markov  chain  which  has  a  supersemigroup,  but  does  not 
have  a  standard  transition  matrix  (and,  therefore,  does  not  satisfy  Theorem  2.2.2) 
is,  for  n  =  2, 


Tt 


0    1 
0    1 


t  >  0 


(2.80) 


2.3     Kac  Semigroup  and  Linear  Case 

In  this  section  we  will  describe  Dawson- Watanabe  superprocesses  over  very  gen- 
eral class  of  Markov  processes  with  linear  branching  mechanism.  In  this  case  Dawson- 
Watanabe  supersemigroups  are  related  to  a  familiar  notion  of  Kac  semigroup,  and 
they  can  be  used  as  upper  and  lower  bounds  (in  some  sense)  for  the  general  case  of 
branching  mechanism. 

Let  (£t)  be  a  Borel  right  Markov  process  on  a  Lusin  state  space  (E,£)  with 
transition  probability  pt(x,dy)  (see  [54]).  In  this  case  £  is  the  cr-algebra  of  Borel 
sets,  (£t)  is  a.s.  right  continuous,  and  (t,x)  t-*  pt(x,dy)  is  measurable.  We  will  also 
assume  that,  for  the  corresponding  Markov  semigroup  (Tt),  Tt\  =  1.  Let  k  G  b£  be 
a  bounded  measurable  function  (not  necessarily  nonnegative).    We  define,  for  every 

Ge£, 

kt(x,G)  =  Ex\lGUt)-e-So'k^^}     .  (2.81) 

Then,  by  monotone  class  arguments,  kt(x,dy)  is  a  positive  kernel,  such  that  (t,x)  i— » 
kt(x,  dy)  is  measurable.  This  kernel  defines  a  semigroup  ( Kt]  t  >  0)  given,  for  every 
/  6  bpS ,  by 

(Ktf)(x)=  f  f{y)kt(x,dy)  =  E*\f(tt)-e-£k^d"]     .  (2.82) 

Notice  that  (Kt)  is  not  necessarily  Markovian,  since  k  can  be  negative,  but  (Kt)  is 
bounded  by  exp(||fc||  •  t)  and  is  positive.  From  Example  2.1.2  we  obtain  that  (Tt)  and 
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(Kt)  are  both  positive,  M-Pettis  integrable  semigroups  (in  the  sense  of  Definition 
2.1.3),  where  M  is  the  set  of  all  finite  signed  measures  on  (E, £). 

Recall  (see,  for  example,  [49],  Chapter  3)  that,  in  the  case  of  Brownian  motion 
and  k  >  0,  the  semigroup  (Kt)  satisfies,  so  called,  Kac  (or  Feynman-Kac)  formula. 
In  this  work  we  will  refer  to  the  semigroup  (Kt),  defined  by  2.82,  as  a  Kac  semigroup. 

Consider  now  a  linear  operator  B  :  b£  — >  bS,  defined  by 


(Bf)(x)  =  -k(x)  •  f(x) 


(2.83) 


It  is  obvious  that  B  is  an  M-invariant  operator  and  an  SOLP-operator  (see  Definition 
2.1.4).  We  claim  that  (Kt)  and  (Tt)  satisfy  the  conditions  of  Lemma  2.1.3.  It  is  enough 
to  prove  the  following  lemma: 


Lemma  2.3.1  For  every  f  £  b£  and  x  £  E, 


(Ktf)(x)  =  (Ttf)(x)+  f  K,[B(Tt_,f)}(x)d£ 

Jo 


Proof.  Using  2.82  and  Markov  property,  we  obtain 


(2.84) 


=  E3 


/(6)-(l-^(^)-e-^^^du) 


=  (Ttf)(x)  +   f  E*    -HU)  ■  f((t)  ■  e~ i:^" 
Jo 

=  (r,/)(x)  +  /' e*  \-k(U)  ■  /(6)  •  e-T^^/j-, 

J  0  L 

:  (TJ)(x)  +  fQ  W  \-kUu)  ■  E*«  [/(6_u)]  •  e-r*«.H 

=  (TJ)(x)+  f  Ku[-k-{Tt_J)){x)du    . 
Jo 


du  = 
du  = 

du  -- 


Q.E.D. 
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Consider  now  a  branching  mechanism  \&i(x,  A)  =  —  b(x)X,  where  b  £  b£.  Let 
us  denote  the  corresponding  solution  of  2.61  by  (  Wt\  t  >  0).  Let  (Kt\  t  >  0  )  be 
the  Kac  semigroup,  where  k  =  b.  By  Lemma  2.3.1,  we  can  apply  Lemma  2.1.3  on 
these  semigroups.  Since  ^>x  -  (-bf)  =  0,  we  get  Wt  =  Kt,  for  every  t  >  0,  i.e.,  Kac 
semigroup  is  a  solution  of  2.61. 

Remark  2.3.1  One  can  think  that  we  have  proved  already  in  Lemma  2.3.1  that  (Kt) 
is  a  solution  for  2.61.  But  it  is  not  so.  Compare  2.61  (i.e.,  2.28)  with  2.84  (i.e.,  2.41), 
and  notice  that  semigroups  appear  in  different  "order"  under  integral.  In  many  cases 
it  will  be  the  same  solution,  but  one  has  to  prove  it. 

However,  the  solution  of  2.61  for  ^i(x,X)  =  — 6(x)A  can  be  computed  directly, 
and  this  is  a  known  result  (see  [28]).  We  just  wanted  to  emphasize  that  it  is  also  a 
consequence  of  our  general  method  developed  in  section  2.1.  □ 

Once  we  know  that  (Kt)  is  a  solution  of  2.61,  it  is  easy  to  construct  the  correspond- 
ing superprocess.  We  will  introduce  some  notation  first.  For  a  measure  p.  £  M+, 
we  denote  by  AM  a  point  mass  at  p..  Of  course,  AM  is  a  probability  measure  on 
(M+,A/1  +  ).  As  usual,  the  point  mass  at  x  £  E  we  will  denote  by  8X.  So,  8X  is  a 
measure  on  (E,£),  i.e.,  8X  £  M+,  and  it  make  sense  to  consider  A^.  For  fi  G  M+ 
we  denote  by  fiKt  a  measure  on  (E,  £ ),  defined  by, 


(nKt,f)  =  (^Ktf)=JEE*[ftit)e-ti 


b(iu)du 


fi(dx)  .  (2.85) 


Obviously,  fiKt  6  M+.    Formula  2.85  immediately  shows  that  we  can  describe  the 
linear  case,  ^:(i,A)  =  —b(x)X,  completely,  i.e.,  that  we  proved  the  following  theorem. 

Theorem  2.3.1   (linear  case)  A  Dawson- Watanabe  superprocess,  over  (£t)  with  branch- 
ing mechanism  $i(x,  A)  =  —  b(x)X,  is  a  deterministic  Markov  process  (Xt),  defined 
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by  Xt  =  XoKt,  where  (Kt)  is  a  Kac  semigroup  (with  k  —  b).    The  supers emigroup  is 
given  by  the  formula 

Qt(ft,du)  =  A^t((f»/)    .  (2.86) 

Consider  now  a  general  form  of  branching  mechanism  $(i,A),  given  by  2.55.  It 
can  be  rewritten  in  the  form  2.58.  Let  ^(^j  A)  =  b~(x)X  be  negative  of  the  positive 
part  of  \P.  Let  (Kt)  be  the  Kac  semigroup,  where  k  —  —b~.  Let  (Vt)  be  the  solution 
of  2.61  for  \P ,  and  Qt(fj.,du)  the  corresponding  supersemigroup.  It  has  been  proved 
in  [28],  p. 342,  that  the  first  moment  of  Qt{n,dv)  is  given  by 

/     (u,f)Qt^,du)  =  <M,E*  f/(6)e-/o^H)  .  (2.87) 

These  facts  lead  to  one  more  application  of  Lemma  2.1.3,  which  gives  results  stronger 
than  2.62  on  bounds  of  (Vt). 

Theorem  2.3.2  For  every  t  >  0,  x  £  E,  and  f  £  bp£ ,   the  following  properties  are 
satisfied: 


/(&)e/o  *-«•>* 


(2.88) 


0  <  (VJ/)(x)  <  (Ktf){x)  =  W 

{Vtf){x)  =  0   <=>   (Ttf)(x)  =  0    «   (Ktf)(x)  =  0  (2.89) 

In  particular,  ifb~  =  0,  then  0  <  (Vtf){x)  <  (Ttf){x). 

Proof.  Consider  ^  — ^2-  It  is  a  branching  mechanism  again,  but  with  the  property 
that,  for  every  x  £  E  and  A  >  0,  (*  -  *a)(»,  A)  <  0.  By  Lemma  2.3.1  (Tt)  and  (Kt) 
satisfy  the  conditions  of  Lemma  2.1.3,  which  implies  that 

(Vtf)(x)  =  (Ktf)(x)  -  ftK3[-(^-^2)(Vt_J)}(x)ds    .  (2.90) 

Jo 

Since  Ks,  —  (\P  —  ^2))  and  Vt^s  are  all  positive,  it  follows  that  (Vtf)(x)  <  (Ktf)(x), 
which  proves  2.88. 
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To  prove  2.89  we  should  notice  first  that   (Vtf)(x)    <    {Ktf)(x)    <    (Ttf)(x)  ■ 
exp(||6~||  •  t),  which  proves  that 

(Ttf)(x)  =  0  =»  (Ktf)(x)  =  0  =>  (Vtf)(x)  =  0    . 

We  have  to  prove  only  that  ((Vtf)(x)  =  0  =»  (Ttf){x)  =  0).  If  (Vtf)(x)  =  0,  then, 
by  2.52,  (i/,f)  =  0,  Qt{8x,dv)  -  (a.e.)  (recall  that  (5X,K/)  =  (Vf/)(x)).  It  follows 
that  the  first  moment  of  Qt{&x,  du)  is  zero.  By  2.87,  we  obtain  that 

E1    /(6)e"£^'H  =0    . 

Since  b  is  bounded,  the  exponential  factor  is  strictly  positive,  and 

/(6)e-/oE(^  =  0,  P"-(a.e.). 
It  follows  that  /(^t)  =  0,   P1  -  (a.e.),  i.e., 

0  =  E'  1/(6)]  =  (Ttf)(x)   . 

Q.E.I>. 

Remark  2.3.2  It  is  a  good  place  to  comment  on  additional  requirements  on  superpro- 
cesses  assumed  by  some  authors.  In  some  of  his  papers  E.B.  Dynkin  (see  for  example 
[18])  require,  what  seems  to  be  a  "natural"  probabilistic  condition,  that,  for  every 

Be  s, 

Probability{{t  G  B)  =  Expectation [Xt(B))    . 

Recall  that  (Xt)  is  a  measure- valued,  so  above  formula  makes  sense.  By  monotone 
class  argument,  it  is  equivalent  to 

(fi,Ttf}=  (     (u,f)Qt(ptd»)   . 

However,  formula  2.87  shows  that  it  is  the  case  if  and  only  if  b  =  0,  but  not  always. 
In  particular,  it  is  true  for  ^(x,  A)  =  —A2,  which  is  the  case  often  studied  by  Dynkin. 
Despite  these  facts  we  will  continue  to  study  the  general  form  of  $.□ 


54 


2.4     Feller  Condition  and  Infinitesimal  Generator 

Regularity  properties  of  superprocesses  have  been  studied  by  many  authors.  In 
the  case  of  a  compact  metric  space  E,  and  a  branching  mechanism  ^  with  constant 
coefficients,  the  problem  has  been  treated  already  by  Watanabe  [56].  His  approach 
deals  with  Feller  properties  of  semigroups  involved.  Since  M+  is,  in  this  case,  a  locally 
compact  space,  we  can  deal  with  Feller  property  in  a  nice  way.  However,  very  often 
we  deal  with  Markov  processes  that  are  defined  on  a  locally  compact  Hausdorff  space 
with  a  countable  base.  In  such  a  case,  M+  is  not  necessarily  locally  compact.  Several 
authors  offered  ways  to  resolve  this  situation  (see  [9],  [34],  and  [52],  for  example). 
Usually  authors  adjust  the  conditions  according  to  their  special  needs. 

In  the  following  text  it  is  general  enough,  for  us,  to  treat  the  case  when  (£t)  satisfies 
Feller  property.  We  believe  that  the  most  "natural"  way  is  to  extend  our  process  onto 
the  one-point  compactification  of  the  state  space  E,  to  develop  a  superprocess  over 
it  which  has  Feller  property,  and  to  show  that  such  superprocess  actually  "lives"  on 
the  set  of  measures  on  E.  Of  course,  the  Feller  property  of  the  superprocess  on  the 
one-point  compactification  is  the  result  of  Watanabe.  But,  it  follows  also  from  our 
general  method,  developed  in  section  2.1.,  as  a  special  case. 

Let  us  mention  that  the  problem  of  regularity  properties  has  been  treated  in  a 
very  general  form  in  [28].  It  is  shown  there  that  the  superprocess  is  a  right  Borel 
Markov  process,  whenever  (£t)  is  a  right  Borel  Markov  process  with  Lusin  state  space 
(E,  £),  and  #  satisfies  condition  on  the  second  moment  (see  Remark  2.2.4).  The 
temporally  non- homogeneous  case  was  treated  in  [17],  and  generalized  even  more  in 
[21].  We  do  not  need  so  general  a  Markov  process  ((t),  and,  on  the  other  hand, 
it  is  useful  to  have  Feller  property  for  superprocesses,  that  is  why  we  will  take  the 
approach  suggested  above. 


55 


Let  E  be  a  locally  compact  Hausdorff  space  with  a  countable  base,  and  £  =  B(E) 
<7-algebra  of  Borel  sets.  Notice  that  (E,£)  is  a  standard  space  whose  topology  is 
specified  and  is  not  necessarily  compact.  Let  E&  =  E  U  {A}  be  the  one-point 
compactification  of  E,  and  £&  =  B(E&)  cr-algebra  of  Borel  sets  (we  leave  E  intact 
if  it  is  already  compact).  On  both  E  and  E&  we  consider  metric  topologies.  Recall 
that  £  =  EH£A. 

As  usual,  Co(.E')  is  the  set  of  all  continuous  functions  on  E  which  vanish  at  infinity, 
and  C(.Ea)  is  the  set  of  all  continuous  functions  on  E&.  Co(E)  can  be  regarded  as  a 
subset  of  C(EA),  and,  for  every  /  G  C(£A),  /  -  /(A)  £  C0(E). 

Let  M  be  the  space  of  all  finite  signed  measures  on  (E,£),  and  Ma  the  space 
of  all  finite  signed  measures  on  (E&,£&).  By  the  Riesz  theorem  M  =  Cq(E)*,  and 
MA  =  C(.Ea)*-  We  will  be  interested  in  M+  and  MA.  Then  MA  is  a  locally  compact 
Hausdorff  space  with  a  countable  base,  with  respect  to  Bernoulli  convergence,  and 
,MA  =  5(MA)  (see  Remark  2.2.1).  However,  M+  is  not  locally  compact  (it  is  Polish 
in  the  topology  of  vague  convergence).  We  can  regard  M+  as  a  subset  of  MA  in  the 
sense  that 

M+  =  {MGMA|/,({A})  =  0}    .  (2.91) 

Actually  M+  is  a  G6-subset  of  MA,  and  M+  =  M+  (1  .MA. 

We  assume  throughout  this  section  that  (£t)  satisfies  a  Feller  property,  i.e.,  that 
its  Markov  semigroup  (Tt)  is  a  Co-semigroup  on  the  Banach  space  Co(-E),  and  that 
Tt\E  =  1.  Then  (  can  be  regarded  as  a  Hunt  process  (fl,  T,  Tt,  6>^t,  Px)  with  infinite 
life-time,  and  A  as  a  cemetery  (see  [4]  pp. 44-50).  Recall  that  in  this  situation  we 
extend  (Tt)  to  C(£A),  by 


™  =  {f{l{mx)  III  ^ 
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Notice  that  (Tt)  is  a  Co-semigroup  on  C(E&).  Using  Example  2.1.1,  we  conclude  that 
(Tt)  ((Tt))  is  a  positive,  M  (MA)-Pettis  integrable  semigroup. 

We  have  to  restrict  our  ^,  too.  We  assume  that  b(x)  and  c(x)  are  continuous  func- 
tions which  have  limits  at  infinity,  i.e.,  they  can  be  extended  to  continuous  functions 
6(x),  c(x)  on  E&.  We  assume  also  that  there  exists  a  kernel  h(x,du)  from  (EA,£A) 
to  ((0,  +oo),/3((0,  +oo)))  such  that,  for  every  x  £  E,  h(x,du)  =  n(x,du),  and,  for 
every  a  :  (0,  +oo)  >  [0,  -foo),  a(u)  <  u,  and  a  continuous,  the  function 

f  +  oo 

R+  x  EA3  (\,x)^->  a(Xu)h(x,du)  (2.93) 

Jo 

is  continuous.  If  we  take  a(u)  =  u,  we  get  that  2.53  is  a  continuous  function  on  EA. 
If  we  take  a(u)  =  1  —  e~u,  we  obtain  that,  for  every  /  £  C(EA)+ ,  ^ ,  defined  by, 

(*/)(*)  =  -b(x)f(x)  -  c(x)[/(x)]2  +  /+0°(1  -  e-^u)n(x,  du)  (2.94) 

Jo 

is  continuous  on  EA.  It  shows  that  $  (\P)  is  a  SOLP-operator  on  Co(E)+  (C(EA)+). 

Notice  that  in  the  case  when  b,  c,  and  n  do  not  depend  on  x,  all  these  conditions  are 

satisfied. 

By  Theorem  2.1.4  there  exist  (Vt),  Vt  :  C0(E)+  — ►  C0{E)+ ,  and  (Vt)  a  solution 

of  2.28  for  *,  and  (t/t),  Vt  ■  C{EA)+  — ►  C(£A)+  and  (Vt)  a  solution  of  2.28  for  #. 

By  the  uniqueness  Theorem  2.1.3  and  2.92  both  (Vt)  and  (Vt)  are  restrictions  of  the 

solution  of  2.28  for  ty  on  bp£A,  and  they  are  related  by  formula 

(KJ)(I)  ~  I  /(A)  +  £  *(  A,  (K./)(A))efa    x  =  A  (2-95) 

In  particular,  it  shows  that  (VJ/)(A)  =  (Vtg)(A),  whenever  /(A)  =  5(A),  and 
(Vt/)(A)  =  0,  whenever  /(A)  =  0.  Also,  Example  2.1.1  shows  that  all  the  functions 
involved  in  2.28  are  Bochner  integrable,  and,  therefore,  for  every  /  6  C(EA)+ , 

Vtf  =  ftf  +  (B)  /      f.[V(Vt-.f)]ds    .  (2.96) 

.7(0,0 
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Hence,  the  mapping  t  i-»  Vtf  is  strongly  continuous,  and,  by  2.94,  t  ►—>  Vt/,  for 
/  G  Co(-E)+,  is  also  strongly  continuous. 

Using  Theorem  2.2.1  we  know  that  there  exists  one  and  only  one  supersemigroup 
Qt(fj.,di/)  which  corresponds  to  the  solution  of  2.28  on  6p£A.  Since  C(i?A)+  C  6p£A, 
it  is  true  that,  for  every  /  G  C(E&)+ , 

/      e-{v^Qt(n,dv)  =  e-^Vtfi     .  (2.97) 

Notice  that  in  2.97  it  was  important  that  MA  is  equal  to  M+  which  corresponds  to 
bp£&,  as  it  was  defined  in  section  2.2. 

Consider  the  functions  Ff  :  MA  ►  R,  /  G  C(£A)+,  defined  by, 

Ff(n)  =  e-<"-»"  ,  (2.98) 

and  the  family  of  functions  .Exp(MA),  defined  as  the  linear  span  of  the  family 

{Ff\fe  C(£A)\  /  strictly  positive  }   .  (2.99) 

Since  /  is  strictly  positive,  Fj  G  Co(MA)  (which  makes  sense,  since  MA  is  a  locally 
compact  space).  Since  Ff  ■  Fg  =  Ff+g,  £xp(MA)  is  a  nonempty  algebra,  which  sep- 
arates points  in  MA,  and  £'xp(MA)  C  Co(MA).  By  the  Stone- WeierstraB  theorem, 
the  closure  of  £xp(MA)  is  C0(MA). 

Recall  that,  by  Theorem  2.3.2  b),  Ttf  strictly  positive  implies  that  Vtf  must  be 
strictly  positive.  If  /  G  C(£a)+  is  strictly  positive,  then,  since  £A  is  compact,  there 
exists  a  constant  a  >  0,  such  that,  /  >  a.  Tt  is  monotone,  implies  that  Ttf  >  Tta  =  a. 
Thus,  Ttf  is  strictly  positive,  and,  therefore,  Vtf  is  strictly  positive,  too.  In  particular, 
if  Ff  G  Exp(MX),  then  Fytf  G  £xp(MA).  Using  2.97  we  obtain 

Qt(Ff)  =  Fytf  e  Exp(M+A)    .  (2.100) 
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Since  Qt  is  a  bounded  linear  operator,  and  Exp(Nl^)  is  dense  in  Co(M^),  we  conclude 
that 

&(Co(M+))  C  C0(M+)    .  (2.101) 

Recall  that  Vtf  — ►  /  strongly,  when  t  — >  0+.  It  follows  that,  for  every  pL  6  M£, 

Hm  Qt(F,){ii)  =   lun(Fytf)(n)  =  F,{p)    .  (2.102) 

Since  (Qt)  is  a  contraction  semigroup,  (QtF)(fi)  — >  F(fi),  for  every  F  6  Co(M^). 
In  other  words,  we  have  proved  that  (Qt)  satisfies  the  Feller  property.  In  the  case  of 
E  compact,  and  b,  c,  n  constants  this  result  has  been  proved  in  Watanabe  [56].  Sev- 
eral authors  proved  the  same  result  later  under  various  assumptions,  but  essentially 
Watanabe's  method  inspired  most  of  these  proofs.  In  this  work,  we  just  proved  that 
Watanabe's  result  is  a  consequence  of  our  general  perturbation  theory  from  section 
2.1.  and  Theorem  2.2.1.  However,  in  section  2.1. we  were  also  inspired  by  Watanabe's 
method.  Our  version  of  Watanabe's  theorem  says  the  following: 

Theorem,  2.4-1  If  cl  Markov  process  £  with  a  locally  compact  Hausdorff  state  space 
E  with  a  countable  base  satisfies  Feller  condition,  and  a  branching  mechanism  ty 
satisfies  2.93  and  2.94,  then  (Tt,  ty)-supersemigroup  (Qt)  satisfies  Feller  condition  on 
a  locally  compact  Hausdorff  space  M£,  which  has  a  countable  base. 

Notice  that  this  result  guarantees  the  existence  of  a  superprocess  (Xt)  with  nice 
regularity  properties.  By  the  basic  construction  from  the  theory  of  Markov  processes 
(see  [4],  pp. 44-50),  there  exists  a  Hunt  process  (Xt)  with  state  space  M£,  which  is  a 
superprocess  over  (£t)  on  E&  with  branching  mechanism  $ .  (Xt)  has  infinite  lifetime, 
since 
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In  some  sense  (Xt)  is  a  superprocess  over  ((t)  and  ty.  But,  it  has  values  in 
MA.  We  would  like  to  restrict  it  to  M+  somehow.  Notice  that  there  is  a  (Tt,$)- 
supersemigroup  Qt(fi,dv)  on  M+,  when  we  consider  (Tt)  and  ty  on  bp£.  By  2.91 
ll  G  M+  can  be  regarded  as  ll  G  MA,  with  ^({A})  =  0.  Thus,  for  every  ll  G  M+ 
and  /  e  C0(£)+, 

/  +  e-<"'»<?t(/z,di/)  =  e-<^'»  =  by  2.95  = 

=  e-<^»=  /      e-W>g,(M»    . 

Since  the  Laplace  transform  uniquely  determines  measure  Qt(fi,dv),  it  follows  that, 
for  every  fi  G  M+  and  t  >  0, 

<?f(/x,M+)  =  1,  and  Qt((i,dv)/M+  =  Qt(fi,dv)    .  (2.103) 

In  particular,  it  shows  that,  for  every  ll  £  M+  and  r.  >  0, 

P^^GM+Ul    .  (2.104) 


Although  (Xt)  is  right  continuous,  we  cannot  conclude  immediately  that  the  super- 
process  (Xt)  "lives  in  M+,  if  it  starts  there",  since  M+  is  not  closed  in  MA.  However, 
the  statement  is  true,  as  we  will  show  in  the  following  theorem. 

Theorem  2.4-2  For  every  ll  G  M+, 

PM  [Xt  G  M+,  for  every  t  >  o]  =  1    .  (2.105) 

Proof.  By  our  assumptions  2.93  and  2.94,  b  is  a  bounded  function,  thus,  there 
exists  l3  =  \\b\\  >  0.  Let  /  =  1a  be  a  characteristic  function  of  {A}  C  E&.  Then  F, 
defined  by  F(fi)  =  (ll,  f)  =  ll(A)  is  in  ,MA.  Using  2.87  we  compute 

(e-0tQt)(F)(LL)  =  e~0t(LL,E*  \f((t)e- S;l^d*})  < 


lim  E3 

t-.o+ 
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<  (M,  e*  [/(&)])  =  (m,  ?,ia)  =  (m,  1a)  =  F(M)  • 

By  the  dominated  convergence  theorem 

/(^)e-/o^-)^ 

=  Ei[/Uo)]  =  (raA)(x)  =  iA(x). 

Notice  that  /(&)  =  l(£t=A),  {A}  is  closed,  and  A  is  a  cemetery.  It  shows  that 

Hm/(6)  =  /(6)    (a.e.), 

which  implies  the  statement  about  the  limit  above.    By  the  dominated  convergence 
theorem 

Urn  (e-*$0(J%0  =  *V)    • 

Hence,  F  is  /3-excessive  (relative  to  (Xt)).   It  follows,  see  [4],  Theorem  2.12  b),  that 
almost  surely  the  mapping 

t  -.  F(Xt)  =  (Xt,  1A)  =  X,({A})  (2.106) 

is  right  continuous.    By  2.104,  we  get  Xq({A})  =  0  a.e.,  for  every  q  £  Q+.    Using 
2.106  we  obtain  that  almost  surely  the  mapping 

t^Xt({A}) 

is  identically  zero,  which  proves  the  theorem. 

Q.E.D. 

The  fact  that  (Tf)  satisfies  Feller  condition,  i.e.,  that  (Tt)  is  a  Co-semigroup  on 

C0(F),  and  (Tt)  is  a  C0-semigroup  on  C(FA),  introduces  another  powerful  "tool"  into 

consideration.  It  is  the  infinitesimal  generator.  Let  A  be  the  infinitesimal  generator 

of  (Tt),  defined  on  its  domain  V(A)  C  C0(F),  and  A  the  infinitesimal  generator  of 
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(ft),  defined  on  its  domain  V(A)  C  C(£A).  Recall  that  /  e  P(j4)  if  and  only  if 
/  -  /( A)  €  V(A),  and 

,jxw  ,      f  A(f-f(A))/E(x)   xeE  , 

W)(*)  =  |  Qu  I  =  A  (2-107) 

Denote  the  infinitesimal  generator  of  (Qt)  by  £.  Consider  the  family  of  functions 
J5xp(MA,2?(.i4)),  defined  as  the  linear  span  of  the  family 

{Ff\f€  C(EA)+  n  V(A),  f  strictly  positive  }   .  (2.108) 

In  [56]  Theorem  2.4  and  Lemma  2.2,  Watanabe  proved  that  (in  the  case  of  constant 
coefficients  b,  c,  n)  Exp(M^,V(A))  is  a  core  for  Q,  and  he  also  computed  G{F}). 
Since  exactly  the  same  proof  works  in  our  case  without  any  difficulties,  there  is  no 
need  to  repeat  the  proof  here.  We  conclude  that  the  following  statements  are  true. 

£xp(MA,  V(A))  is  a  core  for  Q  .  (2.109) 

For  every  /  £  C(£a)+  l~l  V(A),  f  strictly  positive,  and  for  every  t  >  0, 

Vtf  e  C(£A)+  n  V(A),  Vtf  is  strictly  positive.  (2.110) 

For  every  /  G  C(£A)+  n  V(A),  f  strictly  positive, 

g(Ff)M  =  -e-<"n-{fi,Af  +  *f)  = 

=  -(Ff)((JL)  ■  (/x,  Af-bf-  if2  +  /+0°(1  -  e-'>(:r,  du) )    .  (2.111) 

Jo 

For  the  "martingale  problem"-type  characterization  of  the  infinitesimal  generator  see 

[28]  pp.338  and  354. 

It  is  now  an  easy  Corollary  of  these  results,  to  give  a  complete  characterization 

of  infinitesimal  generators  of  superprocesses  over  finite  Markov  chains  with  standard 

transition  matrix.    Let  (£t)  be  a  Markov  chain  with  state  space  {  1,2, .  .  .  ,n}  and  a 
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standard  transition  matrix  (Tt)  with  infinitesimal  generator  A,  described  by  2.79. 
Notice  that  our  state  space  is  already  compact,  so  there  is  no  need  to  use  one-point 
compactification.  Our  branching  mechanism  is  determined  by  b,  c,  and  n,  where  now 
b  —  (&!,...,&„)  £  Rn,  c  =  (ci, . . .  ,c„, )  6  R™,  and  n  =  (  n^du), . . .  ,nn(du) )  where 
each  measure  nx(du)  satisfies  condition 


y  +  oo 

/        unAdu)  <  +oo 
Jo 


(2.112) 


There  are  no  other  restrictions  on  \£. 

In  this  case  A  =  A  and  T>(A)  —  Rn.  Notice  that,  for  every  /  £  R" ,  and  a  function 


Ff 


h-> 


j=\       \k=\  j 


HaJ* 


Similarly  we  obtain 


dFf 


and 


(F/)(M)-(/i,c/2)  =  f:^f^ 

The  last  term  in  2.111  can  be  rewritten  as, 

P+OO 


(F/)(m)  •  (m.  /      (l-e-^)n(i,du))  = 

JO 

-E^7    X>(F/(M  +  n£,)-F/(/i))n,(<iu) 

~f       ^o 


where  e,  =  (  0, . . . ,  0,  1,  0, . . . ,  0  ).    Using  Theorem  2.2.2,  results  about  Kac  semi- 
group, and  results  in  this  section  (recall  that  exponential  functions  form  a  core  for 
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Q;  and  Q  is  determined  on  its  core),  we  can  summarize  properties  of  superprocesses 
over  Markov  chains  in  the  following  theorem. 

Theorem  2.4.3  A  superprocess  (Xt)  over  Markov  chain  (£t)  with  branching  mecha- 
nism <£  is  a  Markov  process  which  satisfies  Feller  condition,  and  is  actually  a  Hunt 
process  with  infinite  life-time  whose  state  space  is  R"  .  The  Laplace  transform  of  a 
supers emigroup  (Qt(fi,di/))  is  given  by 

JRne-^^^Qt((pil,...,fin),(du1,...,dyn))  =  e-^7=1Mvtf)i  f  (2  n3) 


where 


ds  = 


(Vtf)i  =  Eft,c)/i+ 

+  if  X>;(*  -  s)  l-Wfh  -  CiiV.f))  +  /^(l  -  e-^^)n:(du) 
Jo  J=1  l  Jo  J 

=  /.  +  /    ds  22pij(t-s)-  (2.114) 

■*i(K/),  -  c,W)J  +  /       (1  -  e-(^/)^K(^)  +  £  aifc(V,/)i 


TTie  infinitesimal  generator  Q  of  (Xt)  is  given  by 


[6F)M  = 


(2.115) 


=  £ 


mj 


j=i 


d2F      ,   5F 


/n  #ie  special  case,  when  *  =  -b\,  (Vt)  is  the  Kac  semigroup  and  the  infinitesimal 
generator  is 

{GF){n)={n,  A-VF-b.VF)    .  (2.116) 

Let  us  show,  in  the  example  below,  that  even  on  the  level  of  Markov  chains,  the 
superprocess  (A't)  over  (£f)  does  not  necessarily  satisfy  Feller  condition,  if  (£t)  does 
not  satisfy  Feller  condition. 
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Examvle  2.1.1  We  consider  n  =  2,  and  (Tt)  given  by  2.80,  i.e., 


0    1 
0    1 


Let  (*/),  =  -bfi,  i  =  1,2;  where  6  £  R.    Using  results  about  Kac  semigroup  it  is 
easy  to  check  that 

(Vtf)i  =  e-fct(rt/)t  =  e'btf2    ,  (2.117) 

and 

Qt{(^ufi2);(duudv2))  =  A(0,(Ml+P9)e-«)(dj/1,di/2)    ,  (2.118) 

which  gives  a  superprocess  Xt  =  (X},X?)  to  be 

(^1,^2)  =  (0,(Xo1+Xo2)e-fct)    ,  (2.119) 

and  it  is  obvious  that  such  a  Markov  process  does  not  satisfy  Feller  condition. <> 

2.5     Branching  Property 

In  this  section  we  will  present  some  easy  consequences  of  the  fact  that  super- 
processes  satisfy  a  branching  property.  Branching  property  in  this  form,  i.e.,  in  the 
continuous  state  space  has  been  introduced  by  M.  Jifina  [36]. 

Notice  that  the  additive  structure  of  M+  enables  us  to  introduce  a  convolution 
operation  for  measures  on  (M+,M  +  ).  If  Qx  and  Q2  are  probability  measures  on 
{M+,M  +  ),  then  Qx  x  Q2  is  a  probability  measure  on  (M+  x  M+,M+®M  +  ).  Since 
(//,//)  ^  fi  +  v  is  M+  %  M  +  /M+  measurable,  there  is  a  unique  measure,  say  Qx  *  Q2 
on  (M+,M  +  ),  defined  by 

(Qi*Q2)(H)=  /  lH(fi  +  u)(Q1xQ2)(dfi,du)    ,  (2.120) 

jM+  xM+  ' 

where  H   e   M  + .     As  usual,  we  will  call  the  measure  Q^  *  Q2   the  convolution  of 
measures  Q1  and  Q2.   Notice  that  it  is  easy  to  check  that  the  Laplace  transform  of 
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Q\  *  Q2  is  the  product  of  Laplace  transforms  of  Qi  and  Q2.  Also,  if  X\  and  X2 
are  independent  M+ -valued  random  variables  with  distributions  Qi  and  Q2,  then 
Xi  +  X2  has  a  distribution  Q\  *  Q2. 

Using  the  fact  that   (^  +  fi2,Vtf)    =   (fii,Vtf)  +  (fi2,Vtf)   we  conclude  that  a 
Dawson- Watanabe  supersemigroup  (Qt(fj.,di>))  satisfies  the  property 

Qt(pi  +  fi2,  dv)  =  Qt(fii,dv)  *  Qt(fi2,  dv)    .  (2.121) 

The  consequence  is  that,  if  {X})  and  (X?)  are  two  independent  copies  of  Dawson- 
Watanabe  superprocesses  over  (£t)  with  branching  mechanism  \p ,  where  Xq  =  /^  and 
Xq  =  /x2  then 

Xt  =  Xl  +  X?  is  a  Dawson  —  Watanabe  superprocess,  Xq  =  Hi  +  \l2.        (2.122) 

Property  2.121  (and  2.122  as  well)  is  a  branching  property,  i.e.,  every  Dawson- 
Watanabe  superprocess  is  a  branching  process. 

Let  us  fix  fi  £  M+.  Then,  for  every  a  >  0,  -a/i  £  M+.  The  branching  property 
2.121  implies  that  a  family 

{Qt(afi,dv)\  a>  0}  (2.123) 

is  a  convolution  semigroup  (notice  that  t  and  /z  are  fixed,  and  a  £  R+  is  a  parameter). 
It  shows  that,  once  we  know  Qt(6x,dv)  for  every  x  £  £,  we  can  use  2.123  to  find 
Qt(a8x,di/),  and  then  2.121  to  find  Qt(^,dv)  for  every  p  of  the  form 

n 

M  =  Ea«^,    •  (2.124) 

t=i 

Let  us  also  mention  here  that  in  the  case  of  standard  space  (E,  S)  and  correspond- 
ing space  (M+,  ,M+),  it  has  been  proven  in  [18],  pp.264-265,  that,  if  £<?„(/)  — >  £(/) 
as  n  — >  +00,  for  every  /  £  6p£,  then  there  exists  a  subprobability  measure  Q,  such 
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that  Cq  =  C,  where  £  denotes  the  Laplace  transform.  In  particular,  if  (/zn,  Vtf)  — > 
(/i,  Vtf),  for  every  /  £  &p£,  then 

C-Qt(»n<dv)  *  C-Qt{n,dv)     ■  (2.125) 


CHAPTER  3 
ONE-DIMENSIONAL  CASE 


In  this  chapter  we  describe  the  simplest  possible  superprocesses,  i.e.,  the  super- 
processes  over  Markov  chain  with  one  state  space.  Since  these  superprocesses  are 
one-dimensional  branching  processes,  they  are  recruited  among  processes  which  were 
studied  before.  We  use  one-dimensional  superprocesses  then  to  describe  general  su- 
perprocesses over  deterministic  Markov  processes  which  stay  in  the  initial  state  for- 
ever (but  the  state  space  of  the  Markov  process  is  arbitrary).  In  this  way  we  obtain 
the  "behaviour"  of  the  superprocess  which  is  "influenced"  by  the  branching  mecha- 
nism part,  only.  Then,  in  the  next  chapter,  we  show  how  in  some  cases  of  Markov 
processes  we  can  get  a  description  of  the  corresponding  superprocesses  by  using  the 
results  of  this  chapter.  It  should  be  emphasized  that  our  main  tool  is  the  analysis  of 
the  supertransition  function. 

3.1      Supersemigroups  and  Infinitesimal  Generators 

We  restrict  our  attention  to  the  one-dimensional  case  in  this  and  the  following 
section.  Hence,  we  consider  the  case  when  E  =  {1}.  Then  a  branching  mechanism 
$  depends  on  A  only,  i.e., 

¥(A)  =  -6A-cA2  +  /       ( 1  -  e"Au  )n(du)    ,  (3.1) 

Jo 

where  b  6  E,  c  £  R+,  and  /0  °°  un(du)  <  -foo.    In  this  case  we  do  not  have  much 

choice  for  (£t),  i.e.,  &  =  (0  =  1,  Tt  =  Idt,  and  ,4  =  0.   Also  M+  =  R+,  and  \i  and  / 

are  nonnegative  real  numbers.  Using  now  the  results  from  section  2.4.  in  this  special 

case,  we  conclude  that  a  Dawson- Watanabe  superprocess  over  (£t)  with  branching 
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mechanism  *  is  an  R+-valued  Hunt  process  (Xt)  whose  infinitesimal  generator  Q  is 
given  by 

f    d2F        dF        r+°°  1 

iGFM  =  tl\Cl^-blil  +  J0      [ni>  +  u)-F{n)}n{du)\     .  (3.2) 

The  supersemigroup  (Qt(^,dv);   fi  >  0)  is  a  convolution  semigroup  with  respect  to 
/x,  whose  Laplace  transform  is  determined  by  (Vt;  t  >  0),  where,  for  every  /  >  0, 

(Vtf)  =  f  +  fQ   [-b(VJ)  -  c(VJ)2  +  £°°(  1  -  e-^^)n(du)}  ds  .  (3.3) 

Since  we  know  that  Vtf  exists,  3.3  shows  that  t  i->  V£/  is  a  continuous  function,  and, 
again  by  3.3,  t  i->  V;/  is  ntinuosly  differentiable  function  on  R+,  which  satisfies 

the  differential  equation 

f  d-iM}  =  _b{Vtf)  _  c(Vtf)2  +  r( !  _  e-(vt/)u)n(rfu) 

I  {Vol)  =  /  (3-4) 

Let  us  consider  some  cases  in  which  we  can  explicitly  solve  3.4. 

Case  $(A)  =  -b\-c\2;   c>  0,  b  g  R. 

In  this  case  the  differential  equation  3.4  is  a  Riccati  type  equation 

which  can  be  easily  solved,  by  separation  of  variables,  to  give 

K/  =  srrfes  ■  (3-6) 

where  (ebt  -  l)/6  is  defined  by 

6  (  limj 

Hence,  in  the  case  when  b  =  0  we  have 

1  +  fct 


lim^o  ^-e1  =  t    if  6  =  0 


(3.7) 


Vtf  =  TT7z  ■  (3.8) 
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Using  the  fact  that  Vtf  describes  the  Laplace  transform  of  Qt{fJ-,  du),  and  by  following 
simple  computation 


■in,vtf)  =  - 


e"  +  /c£ 


e"-l 
6 

fi         IE 

'  .61. 


.e"-l     '     „e"-l 


C^        C^      /+~fc 


we  obtain  that  (recall  that  /x  and  f  are  points  in  R+  here), 

Qt(„,  du)  =  e^  L(du)  +  ±  ^P- 
where 


n=i         '*■ 


(3.9) 


^--trEXpf^)     ,  (3.10) 


c— ^  \  c- 


b  v1-    fc    / 

where,  as  usual,  EXP(A)  denotes  the  exponential  distribution  with  parameter  A  >  0. 

The  infinitesimal  generator  of  this  process  is  (by  3.2) 

d2        ,      d 

If  we  compare  these  results  to  Corollary  2  of  [44]  we  get  the  following  simple  conse- 
quence: 

Corollary  3.1.1  (Xt)  is  a  one- dimensional  supefprocess  with  continuous  paths  if  and 
only  if  it  is  a  one- dimensional  continuous  branching  diffusion.  In  this  case  (Xt)  has 
a  transition  probability  given  by  3.9  and  infinitesimal  generator  given  by  3.11. 

Remark  3.1.1  It  should  be  noted  that  these  processes  have  been  studied  before,  and 
it  was  observed  that  they  represent  superprocesses.  Here  we  have  shown  how  these 
results  can  be  derived  in  very  simple  and  elementary  way  following  our  approach. 
Also,  the  transition  function  is  not  usually  mentioned  in  the  form  3.9  in  the  literature, 
and  in  the  literature  on  superprocesses  is  usually  not  mentioned  at  all.  However,  in 
our  line  of  approach  we  will  rely  heavily  on  a  transition  function. 
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The  diffusions  with  infinitesimal  generator  3.11  were  studied  first  by  W.  Feller  in 
1939  and  especially  in  1951  [26].  At  that  time  continuous  state  branching  processes 
were  not  introduced  yet,  and  Feller  has  shown  that  these  diffusions  are  the  limits  of 
discrete  parameter  branching  processes.  He  treated  them  as  (0,  +oo)-valued  diffusions 
with  0  as  an  absorbing  boundary.  We  include  0  in  the  state  space,  and  because  of 
that  we  have  a  singular  first  term  in  3.9.  Feller  computed  also  a  density  part  of  the 
transition  function  3.9  in  terms  of  Bessel  functions.  The  case  c  =  1/2,  b  =  0  is  treated 
in  [42]  pp.  100- 102,  again  from  the  diffusion  point  of  view.  In  this  case  the  transition 
function  has  a  nice  form 

Qt{n,dv)  =  e--60{du)  +  2e-^r-iV^/1(4Vf-)—  _  3  12) 

t  tv 

where  i\  is  the  modified  Bessel  function  of  the  first  kind.   We  will  not  use  3.12  any 
more.  It  is  mentioned  here  just  to  complete  the  description  of  the  processes  above. 

In  1958  M.  Jifina  introduced  continuous  state  branching  processes  in  [36].  In  1967 
J.  Lamperti  covered  the  one-dimensional  case  in  [44]  and  [45].  He  gave  us  formula  3.6 
(for  the  first  time  as  far  as  we  can  tell).  A  nice  brief  account  of  these  processes  from 
the  point  of  view  of  branching  processes  is  given  in  [1]  pp. 257-261.  Several  authors 
on  superprocesses,  like  D.  Dawson,  S.  Roelly-Coppoletta,  etc.,  emphasized  that  these 
diffusions  (or  some  of  them)  are  special  cases  of  superprocesses.  Almost  exclusively 
they  deal  with  the  infinitesimal  generators. □ 

Case  $(A)  =  m(  1  -  e~aA  );  m  >  0,   a  >  0. 

This  is  the  case  when  n(du)  =  m6a.  Again,  the  differential  equation  3.4  is  easy 
to  solve,  since  it  is  in  a  form 

f  y'  =  m(l-e-») 

I  2/(0)  =  /  (3'13) 


e-0*,v,/) 


e-<M,V(/)    _  t-nmte-nf       ST  ~a  {^-aff^-amt 

n=0 
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Separation  of  variables  gives  the  solution 

Vtf  =  Un[eamt(eaf  -l)  +  l]     .  (3.14) 

Simple  computation  shows  that 

[e™<(e°/-l)  +  l]<V°       e         e       [i+e       ^e  ijj 

Since  e~a/(e~amt  -  1)  £  (-1, 1)  we  can  apply  Newton's  binomial  formula  to  get 

£  (  V  )  [.-'(.—  - 1)]"  = 

=    V*    [      ~a      ]  e-f*mt/-aTnt   _   J\n£-/((j+na) 

It  follows  that  the  supertransition  function  is  given  by 

Qt^dv)  =  £)  (  ~»  J  e-^(e— '  -  l)"^+no(di/)    .  (3.15) 

The  infinitesimal  generator  of  this  process  is  (by  3.2) 

{GF)(p)  =  mii[F(p  +  a)-F(p)]    .  (3.16) 

Remark  3.1.2  There  are  descriptions  of  these  processes  in  [44]  and  [1],  but  they  are 
treated  mostly  as  time-changed  Poisson  processes  (see  more  about  it  in  the  next 
section).  However,  we  are  not  aware  of  formulas  3.14  and  3.15  in  the  literature.  Here 
they  follow  easily  from  the  general  approach  on  superprocesses.  Let  us  also  mention 
that  in  the  case  a  =  m  =  1,  and  fi  =  1,  the  supertransition  function  3.15  is  given  by 

oo 

Qt(l)dJ/)  =  £e-'(l-e-i)VW    -  (3-17) 


n=0 


which  is  a  geometric  distribution.  □ 
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It  is  a  good  place  to  clarify  certain  facts  about  simple  transformations  of  superpro- 
cesses.  Let  (A't)  be  a  Dawson- Watanabe  superprocess  over  a  Markov  process  (£t)  on 
{E,S)  with  branching  mechanism  \I>(x,A).  We  consider  general  LCCB  space  (E,S). 
Let  /  >  0  be  a  bounded,  nonnegative,  ^-measurable  function.  Then  the  stochastic 
process  (Yt),  defined  by 

Yt  =  (Xt,f)  (3.18) 

is  an  R+-valued  stochastic  process.  One  may  hope  that  (Yt)  is  a  one-dimensional 
superprocess  somehow  related  to  ty.  This  is  particularly  so  in  the  case  when  /  =  1, 
i.e.,  (Yt)  is  the,  so  called,  total-mass  process.  However,  this  is  not  always  the  case. 
The  following  two  examples  indicate  typical  difficulties. 

Example  3.1.1  Let  (£t)  be  the  uniform  motion  to  the  right  on  the  real  line,  and 
\&(x,  A)  =  —A.  Let  /  =  l[i,+00).  Using  Theorem  2.3.1  and  formula  2.85  we  obtain 

Yt  =  (Xt,f)  =  JRX0(dx)Ex  [/(6)e-/o  »<«*    = 

=  JR  X0(dx)  (e"7(x  +  i))  =  e"1  •  X0([l  -  t,  +oo))    . 

Hence,  for  every  X0  =  \i  ^  0,  where  supp(^)  C  (  — oo,0),  we  will  have  that  Yt  =  0, 
for  0  <  t  <  1,  and  Yt  >  0,  for  t  large  enough.  But,  there  is  no  one-dimensional 
superprocess  with  such  a  behaviour.  For  every  one-dimensional  superprocess  it  is 
true  that  if  it  starts  at  zero,  it  stays  there  forever,  since  the  Laplace  transform  of 
Qt(0,dv)  is  identically  one.O 

Example  3.1.2  Let  (£t)  be  again  the  uniform  motion  to  the  right  on  the  real  line,  and 
*(x,  A)  =  -b(x)X,  where 


b(x) 


73 


Let  /  =  1.  Using  Theorem  2.3.1  and  formula  2.85  again,  we  obtain 


Yt  =  (Xt,l)  =  (X0,E:i 
If  X0  =  8a,ae  R,  then 


■ /„'*(£„)*» 


Yt  =  E° 


-  /„'  b(f«)«hil    _      -  /„'  b(a+u)du 


It  shows  that  Yt  is  a  deterministic  process,  and  for  a  =  0  it  is  equal  to 

Yt-h't2/2         neM  ,319) 

However,  there  is  no  such  one-dimensional  superprocess.  As  we  can  see  from  3.2 
the  only  deterministic  one-dimensional  superprocesses  are  the  processes  of  the  form 
Xt  =  X0e~bt.O 

Notice  that  in  the  first  example  the  coefficients  of  ty  are  constant,  but  /  ^  1, 
while  in  the  second  the  coefficients  of  <J?  are  not  constant.  Several  authors  considered 
constant  coefficients  and  /  =  1  (see,  for  example  [52]).  In  this  case  (Xt,  1)  "behaves" 
as  we  would  initially  expect.  For  the  sake  of  completeness  let  us  prove  this  result. 

Proposition  3.1.1  Let  (E,£)  be  a  standard  space,  and  (Xt)  a  Dawson- Watanabe  su- 
perprocess over  (£t)  with  state  space  (E,£),  and  with  branching  mechanism  $ ,  where 
^>  has  constant  coefficients,  i.e.,  b(x)  =  b,  c(x)  =  c,  and  n(x)  =  n.  Then  (Xt,  1}  is  a 
one- dimensional  superprocess  with  the  same  branching  mechanism  ty . 

Proof.  Notice  that  the  statement  makes  sense,  since  ^  can  be  regarded  as  a 
branching  mechanism  over  {1},  as  well.  Let  (Vt)  be  a  nonlinear  semigroup  which 
corresponds  to  (Xt).  We  claim  that  for  every  A  >  0,  V((Al)(i)  is  a  constant  function. 
Recall,  by  construction,  that  Vt  is  obtained  as  a  limit  of 

Vr\^)(x)  =  Tt(Xl)(x)+  [' Tt_3[V(V?(\l))}(x)ds    , 

Jo 
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here  V°  =  0,  and  Tt(Al)  =  XTtl  =  A.  Assuming  that  V,n(Al)  is  a  constant,  we 
get  that  $(Vr/l(Al))  is  a  constant  function,  since  <£  has  constant  coefficients.  Then 
7i_,[tf(K,n(Al))]  is  a  constant,  too,  since  Tt-„1  =  1.  It  follows  that  V7*+1(Al)  is  a 
constant  function.  By  mathematical  induction  we  obtain  that  x  i-»  Vt(\l)(x)  is  a 
constant  function,  for  every  A  >  0,  and  it  satisfies 


Vt(Xl)  =  X  +  [' *[V.(\l)]d& 
Jo 


If  we  define  WtX  =  Vt(Al),  then  Wt  satisfies  3.3  (by  the  equality  above).  Since,  for 
A  >  0  and  X0  =  /i, 

JM+  JM  + 

_  e-M(£)Vt(Al)  _  e-(*0,l)-V,(Al)  _  e-(X0,l>-W«A 

we  have  shown  that  (Xt,  1)  is  a  one-dimensional  superprocess  with  branching  mech- 
anism \P. 

Remark  3.1.3  It  is  possible  to  study  {Xt,f)  also  by  using  martingale  theory  approach. 
We  will  not  enter  this  subject.  Let  us  only  mention  some  references  like  [10]  and  [52]. 
Several  results  on  semimartingale  properties  of 

exp(-(Xt)  /))    , 

where  /  is  in  the  domain  of  the  infinitesimal  generator  of  (£t),  are  given  in  Chapter 

5  of  [10]. □ 

3.2     Time  Change  and  Zero-One  Law 

We  have  seen  in  the  previous  section  that  one-dimensional  superprocesses  are 
actually  one-dimensional  branching  processes  studied  by  J.  Lamperti  in  the  late  six- 
ties.   J.   Lamperti  has  also  shown  that  these  processes  can  be  obtained  as  a  time 
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change  of  Levy  processes.  Here  we  will  emphasize  Lamperti's  result  and  show  that 
related  to  this  is  an  interesting  zero-one  law  for  Brownian  motion,  which  in  some 
sense  complement  Engelbert-Schmidt  zero-one  law  (see  [23]). 

Let  ^(A)  be  given  by  3.1,  and  (Lf)  a  corresponding  Levy  process  given  by  2.76. 
Then  we  have 

Lf  =  -bt  +  ^Bt  +  Jt    ,  (3.20) 

where  (Bt)  and  (Jt)  are  independent  copies  of  standard  Brownian  motion  and  pure 
jump  process  with  positive  jumps,  respectively  (see  2.76  and  [35]  for  details).  In 
particular,  (Lf)  is  a  strong  Markov  process  with  the  infinitesimal  generator  given  by 

d  d2         r+°° 

-b—  +  c—  +J        [F(x  +  u)~  F(x)}n(du)    .  (3.21) 

Consider  now  only  the  cases  when  Lf  =  a  >  0,  and  let  (Lf )  be  the  process  (Lf) 
stopped  when  it  reaches  zero.  Then  (Lf)  is  a  Markov  process  with  state  space  R+, 
whose  infinitesimal  generator  is  given  by  3.21  for  positive  x,  and  is  equal  to  zero  for 
x  =  0. 

Consider  the  additive  functional  (Af)  defined  by 

r*  ds 
L] 

Notice  that   (Af )  is  a  continuous  additive  functional,  except  maybe  at  the  point 

T0  =  inf{£  >  0    :     Lf  =  0},  which  is  equal  to  inf{<  >  0    :     Lf  =  0}.    Obviously 

Afo+   =   +oo,  but  it  is  possible  that  Af      <   +oo.    We  will  see  later  that  it  is  so 

indeed  in  many  cases.  Therefore,  we  define  Af  to  be  equal  to  Af_.  Hence,  t  •— >  At 

is  continuous  and  strictly  increasing  on  [0,to],  and  the  same  is  true  for  its  inverse. 

We  define  the  inverse  oi  t  >-*  Af  to  be  equal  to  r0)  for  every  s  >  AfQ.    Once  this  is 

settled  the  standard  results  on  time-changed  process  apply.  Therefore,  let  (Xf)  be  a 

process  obtained  from  (Lf)  by  a  random  time  change,  corresponding  to  the  additive 


*  =  f  £    .  (3.22) 

1        Jo     7*  *         ' 


Af  = 
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functional  (Af).  Using  Theorem  10.12  from  [16]  we  obtain  that  (X*)  is  a  Markov 
process  whose  infinitesimal  generator  is  given  by  3.2,  i.e.,  (Xt *)  is  a  one-dimensional 
superprocess  described  in  section  3.1. 

Remark  3.2.1  The  result  above  belongs  to  J.  Lamperti.  It  was  announced  in  [44], 
but  as  far  as  we  know  its  proof  was  not  published  in  author's  later  papers.  Of  course, 
the  proof  is  more  or  less  standard  application  of  random  time  change,  and  it  was 
outlined  in  [44].  One  only  has  to  be  more  careful  with  the  possible  discontinuity  at 
t0,  as  we  explained  above.  □ 

Let  us  investigate  some  cases  in  which  A*  is  finite.  Consider  the  standard 
Brownian  motion  (Bt)  on  the  real  line.  Let  t0  =  inf{i  >  0  :  Bt  =  0  }.  A  consequence 
of  the  following  theorem  is  that  A*_  is  finite  if  ^(A)  =  —A2. 


Theorem  3.2.1    (Zero-One  Law)  For  every  a  >  0 

i-t-o  ds 


[T°  ds 
Jo     B? 


<  +oo 


1     ;  if  0  <  q  <  2 
0    ;  if  a  >  2 


(3.23) 


Remark  3.2.2  Notice  that  Theorem  3.2.1  is  an  interesting  result  in  itself.  Recall  that 
the  Engelbert-Schmidt  0  —  1  law  implies  (see  [23]) 


/■«     ds 

/    ^-r-  <  +oo;Vi  >  0 
Jo 


\B, 


1    ;  if  0  <  a  <  1 

0    ;  if  a  >  1 


which  says  something  about  the  behaviour  of  the  Brownian  trajectory  when  it  leaves 
zero  (or  on  the  right  hand  side  of  zero).  Our  result  3.23  complements  Engelbert- 
Schmidt 's  result  in  the  sense  that  it  compares  what  is  happening  when  Brownian 
motion  enters  zero  (or  on  the  left  hand  side  of  zero).  Obviously,  the  behaviour  is 
different.  Notice  also  that  our  result  is  not  the  consequence  of  general  criteria  in  [23], 
since  these  result  only  show  that  for  a  >  1,  and  a  >  0, 

"     ds 


pa 


n    ds 

Jo    |5> 


<  +oo;Vi  >  0 


=  0    , 
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which  does  not  imply  anything  about  the  integral  up  to  t0.O 

Proof.  Let  rb  =  in({t  >  0   :    Bt  =  b}  and,  for  n  >  1,  an  =  a/n.   Then  we  have, 
since  P°(50  =  o)  =  1, 

rT°  ds       ^   /•Ton+i  (is. 


P^  f     r-+»     «;      pa 


—  a.e. 


and  the  sum  on  the  right  hand  side  is  the  sum  of  nonnegative,  independent  (with 
respect  to  Pa)  random  variables.  Hence,  it  is  Pa  —  a.e.  finite  or  P°  -  a.e.  infinite. 
Consider  0  <  a  <  2  first.  If  s  <  TQn+1  then  B,  >  an+1  Pa  -  a.e.  It  follows  that 


Jo     Bs        n=1  an+1 


a.e. 


If  we  denote  (l/a"+1)(  ran+l  -  ran  )  by  Zn,  then  {  Zn;  n  >  1  }  is  the  sequence  of  non- 
negative  independent  random  variables.  Applying  Kolmogorov  three  series  theorem 
we  obtain  that 


pa  ( E  z"  <  +°°  J  = l > 


£  Pa  (  Zn  >  1  )  <  +oo  , 


n=l 


anc 


EEa[Zn-l{ZnS1}}  <+cx>. 
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Recall  that  Pa  distribution  of  Zn  is  equal  to  P°  distribution  of  (l/a°+1)-Ta/(n(n+1)). 
It  follows  that 

P°(Zn>l)=r     ^e-k^Plds< 


< 


ci5  2a  (n+l)a/2 


^rn(n  + 1)^^)-  53/2        v/27rn(n  +  1)  aa/2 

and  the  expectation 


1  a  a  fa         l2 

.[„         .  I  1  /"a«+l         n(n+l)       _i3E±HL,        . 

\  Zn-  \iz  <n     =  /  s    )       '  e         J-       as  < 
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a(n+l)a         /■(=?! )°     s  /2a(n+l)c 


,«/2 


~  v/2^rx(n  +  l)aa  7o  s3/2    -    "  V  tt  n(n  +  l)a«*     (rUl)"/2 

Since  a  <  2,  then  a/2  =  1  —  £,  for  some  £  >  0,  and 

1 


-    (n  +  1)1-         ^ ;_ 

n=:    "(n  +  1)        „t>(™  +  l)e 


<  +oo 


Hence,  the  two  series  mentioned  above  are  convergent,  and  we  finished  the  proof  of 
the  first  part  of  the  theorem. 

To  prove  the  second  part,  it  is  enough  to  prove  that 

fTo(w)      ds 


£ 


Bin 


+oo 


for  u>  £  F,  where  Pa(F)  >  0.   Using  the  well-known  Levy's  modulus  of  continuity 


pa 


limsup  sup 


Bta  -Bt^=zl 


=  1    , 


E-o      o<tl<*9<i,  «,-«!<«    ^/2eln(l/£) 

and  the  fact  that  Pa(  r0  <  1  )  >  0,  we  can  choose  F  to  be  the  set  of  such  u  that 
To(^)  <  1,  Bq(lj)  =  a,  and  there  exists  S(cj)  >  0,  such  that  for  every  e  <  8 

\Bt3(u)-Btl(«>) 


sup 


<  2    . 


""■f  i 

o<t,<t2<i.  t2-t!<e        J2eln(l/e) 

If  <2  =  To(u;)  and  fx  =  ^  —  £,  then  it  follows,  since  Bt7(uj)  —  0,  that,  for  every  £  <  6, 

£ro(u/)-e(^) 


>/2eln(l/e) 


<  2    . 


Hence,  we  obtain 


L 


r°(w)     ds  rT°(w) 

> 


L 


ds 


B2a{u)      Jt0{u)-6(u)  B*{w) 


> 


1    r*l»)       de 


>-f 

-4Jo 


eln(l/c)       4 


[-ln(ln(l/£))]    I?"*  =  +00    , 


for  every  u  (E  F. 


Q.E.D. 
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With  these  observations  we  finished  our  description  of  one-dimensional  superpro- 
cesses.  Our  idea  is  to  use  these  results  in  describing  more  general  cases.  First  we  will 
describe  (Idt,  ty)-supersemigroups  over  the  general  space  (E,£).  To  do  so  we  have 
to  introduce  some  special  measures  on  the  space  of  measures  on  (E,£).  This  is  the 
content  of  the  following  section. 

3.3     Measures  on  Rays 

Let  (E,£)  be  a  measurable  space,  and  M  the  space  of  all  finite  signed  measures 
equipped  with  cr-algebra  ,A/f,  which  is  the  smallest  a-algebra  such  that,  for  every  / 
bounded  <f-measurable,  the  mapping  fi  i— >  (/z,  /}  is  measurable.  M+  is  the  cone  of 
(positive)  finite  measures,  and  A4+  =  M+  D  M.  As  before,  b£  (bp£)  denote  the  set 
of  bounded  (bounded  and  positive)  ^-measurable  real-valued  functions. 

Consider  tx(da),  a  positive  kernel  from  (E,£)  to  (R+,H(R+)),  i.e.,  for  every  G  £ 
B(R+),  x  i— >  tx(G)  is  5-measurable,  and,  for  every  i££,  tx(da)  is  a  a-finite  (positive) 
measure  on  (R+,Z?(R+)).  Assume  also  that  for  every  compact  set  K  C  R+,  x  i— » 
tx(K)  is  bounded.  Using  tx(da)  we  define  d  :  E  x  M+  — >  [0, +oo]  by 

i?(i,  N)  =  tx{  a  e  R+  |  a8x  G  N  }    ,  (3.24) 

for  every  x  £  E,  N  £  -M  +  ,  where  8X  £  M+  is  the  point  mass  at  x.  Assuming  that  t? 
is  a  kernel,  we  can  define,  for  every  /i  £  M+,  a  measure  0P  on  (M+,  M  +  )  by 

0  (jV)  =  /  ti(x,N)fi{dx)    .  (3.25) 

The  following  proposition  shows  that  this  way  we  obtain  a  positive  cr-finite  measure 

on  (M+,M  +  ). 
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Proposition  S.S.I  "&  is  a  positive  kernel,    and  0M   is  a  positive  a-finite  measure  on 

(M+,vVf  +  ).      For  every  F    :    M+    >    [—00, +00],    which  is   either  positive  ,M  +  - 

measurable  or  bounded  Ai  +  -measurable, 

I      F(v)QJdv)  =  I    I    "  F{a6x)tx{da)n(dx)    .  (3.26) 

JM+  Je  Jo 

Proof.  Consider  the  function  H  :  R+  x  E  — >  M+  given  by 

H(a,x)  =  a6x    . 

We  claim  that  H  is  #(R+)®£/A1  +  -measurable.  It  is  enough  to  prove  that,  for  every 
/  G  bp£,  (H,  f)(a,x)  =  a  ■  f(x)  is  H(R+)  ®  £/B(K+)-measurable,  which  is  obviously 
true.  Fix  TV  g  M  + .  Thend(x,N)  =  tx{a  G  R+[(a,x)  G  H~\N)},  i.e., 


d(x,N)  =  j      lH-i(N)(a,x)tx(da)    , 


which  is  £+  -measurable,  since  tx{da)  is  a  kernel  and  H~l{N)  G  S(R+)  <8>  £.  The  fact 
that  ${x,  •)  is  a  positive  a-finite  measure  follows  directly  from  3.24  and  properties  of 
tx(da).  It  implies  immediately  that  0M  is  well-defined  positive  measure  on  (M+,  .Vf  +  ). 
To  prove  that  0M  is  a-finite,  let  us  consider  a  sequence  Nk  =  {  v  G  M+  |  v(E)  <  k  }, 
k  6  N.  Obviously  TV*.  G  A1  +  ,  and  {Nk;k  >  1)  covers  M+.  Notice  that 

tf(x,Mfc)  =  *.([Olfc])    • 

Boundedness  of  x  h-»  iI(  [0,  fc]  )  implies  that  Q^(Nk)  is  finite  (recall  that  //  is  a  finite 
measure). 

Let  F  =  1#,  N  G  .Vf +  .  Since  1?  is  a  kernel  we  obtain 


/      lN(v)Q^du)=   [  4(x,N)n{dx) 
JM+  JE 

=  lN(a6x)tx(da)  p.(dx)    . 

Je  Jo 
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Standard  measure-theoretic  argument  shows  that  3.26  is  valid  for  any  F,  which  is 
either  positive  M  +  -measurable  or  bounded  ,M+-measurable. 

Q.E.D. 

Definition  3.3.1  Measure  ©p,   defined  by  3.25,  is  called  a  measure  on  rays  with  pa- 
rameter fi,  and  with  respect  to  a  kernel  tx(da). 

Notice  that  3.26  applied  to  F(v)  =  exp(  -(v,f)  ),  /  <E  bp£,  gives  the  formula  for 
the  Laplace  transform  in  the  form 

/m+  e~(V'f)Q^dv)  =  jE  i+°°  e~aSt  M<*0  Kdx)    .  (3.27) 

We  will  be  interested  in  some  special  measures  on  rays.  Let  X(x,  N)  be  given  by 
3.24,  where  tx(da)  is  Lebesgue  measure,  for  every  x  t  E.  Then  the  corresponding 
measure  on  rays, 

KW=  j  \(x,N)ii(dx)    ,  (3.28) 

J  E 
is  called  the  Lebesgue  measure  on  rays. 

Remark  3.3.1  In  the  case  E  =  { 1 } ,  Ap  is  a  multiple  of  the  standard  Lebesgue  measure 
on  R+.  However,  already  for  E  =  {1, . . .  ,n},  n  >  2,  A„  is  a  measure  which  "lives" 
only  on  the  coordinate  axes.  Similarly,  if  E  is  a  topological  space,  AM  "lives"  only  on 
rays  {  a8x  :    a  >  0  }  through  Sx,  where  x  6  supp(/x).D 

Assuming  usual  conventions  1/  +  oo  =  0,  1/0  =  +oo,  0  •  -f  oo  =  0,  we  obtain  the 
Laplace  transform  of  AM  in  the  following  form, 

where  /  G  bp£ .  Using  AM  we  define  the  exponential  measure  on  rays  exp^(h),  where 
h  £  bp£,  given  by 

expp(h){dv)=e-W*Ail(dv)    .  (3.30) 
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Obviously  exp^h)  is  absolutely  continuous  with  respect  to  A^,  and  its  Laplace  trans- 
form is  given  by 

/      e-W)expJh)(dv)  =   /      e-<Vl/>  •  e^^AJdv)  = 
JM+  JM+ 

Je  f(x)  +  h{x)    '  l        ; 

3.4     (7d»,   Vfr  VSupersemigroups 

Let  [E,£)  be  a  standard  space  and  (M+,  M.  +  )  the  measurable  space  of  all  finite 

(positive)  measures,  defined  as  in  the  previous  section.  Let  \&(x,  A)  :  E1  x  R+  ►  R 

be  a  branching  mechanism,  defined  by  2.55.  If  we  consider  such  a  Markov  process 
(£t)  on  E,  that  (t  =  £0j  then  the  corresponding  semigroup  (Tt)  is  actually  (Idt). 
As  we  have  seen  in  section  2.2.,  there  exists  a  unique  (Idt,  ^)-supersemigroup,  de- 
noted by  Qf(fi,di>),  and  determined  by  its  Laplace  transform.  We  will  denote  the 
corresponding  nonlinear  semigroup  by  (V^*)  and  (Idt,  ^-superprocess  by  (X*). 

The  purpose  of  this  section  is  to  describe  Qf(fi,dv).  We  will  use  one-dimensional 
superprocesses  and  supersemigroups  in  this  description.  After  that,  in  the  next  chap- 
ter, we  will  use  (Idt,  ^-supersemigroups  as  "building  blocks"  in  the  description  of 
the  general  case  of  superprocesses.  Recall  the  notation  from  section  2.3.,  where  we 
denoted  the  point  mass  at  x  £  E  by  6X,  and  the  point  mass  at  /i  £  M+  by  AM,  i.e., 
AM  is  an  example  of  a  probability  measure  on  (M+,  A4  +  ). 

Notice  that  for  every  x  £  E,  X  <— >  \P(x,A)  is  a  branching  mechanism  on  the 
one-point  set  {1}.  We  denote  it  by  $x.  Then  the  corresponding  one-dimensional 
superprocess,  denoted  by  {it'),  is  the  time-changed  process  of  the  Levy  process 
(Lt  x)  (see  3.20)  stopped  at  zero.  We  denote  the  transition  probability  of  (£t  ")  by 
qttX(a,db),  and  corresponding  non-linear  semigroup  (which  is  actually  a  function  in 
one-dimensional  case)  by  vtiX(a).  Then  Vt,x  '■  R+  ►  R+  is  a  function  which  satisfies 
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the  integral  equation 

vttX{a)  =  a+  [  y(x,vaiX(a))ds    ,  (3.32) 

Jo 

or,  equivalently,  the  differential  equation 

f   §-tVtM  =  *(3,ut,x(a))  /333n 

\  ^o,i(a)  =  a 

The  Laplace  transform  of  qt,x{a,  db)  is  given  by 

/        e-cbqttX{a,db)  =  e-av<^    .  (3.34) 

Jo 

Consider  (Vt*).  Recall  that,  for  every  /  £  bp£, 

(K*/)(=r)  =  /(x)+/4*(a;)(y.*/)(x))^    •  (3.35) 

Jo 

The  uniqueness  of  the  solution  of  3.35,  and  of  3.32,  shows  that,  for  every  /  6  bp£ 
and  x  £  E, 

(Vt*f){x)=vttX(f(*))    ,  (3-36) 

which  implies  immediately  that 

J      e-^Qf((jL,du)  =  exp  (-  j  vttXU(x))n{dx)}     .  (3.37) 

In  the  special  case  when  p,  =  m  ■  8Z,  m  £  R+,  z  £  E,  we  obtain 

/      e-l"'»Q?(m6z,  dv)  =  e-"""^><*»  = 

f       e-%(m,di)    ,  (3.38) 

o 

which  proves  the  following  simple  result. 

Proposition  3.4-1   If(X^)  is  a  (Idt,ty)-superprocess  with  X*  =  m8z,  then 

X*  =  if'  ■  Sz    ,  (3.39) 

where  £nz  =  m. 
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Remark  S.j.l  If  we  think  of  superprocesses  as  the  distribution  of  a  population  of 
particles,  then  3.39  says  that,  if  the  entire  population  has  mass  m  and  is  positioned 
at  z,  then  at  the  moment  t,  the  entire  population  is  still  at  z,  but  its  mass  changes 
with  the  law  of  one-dimensional  branching  process  which  we  described  in  sections 
3.1.  and  3.2.  Notice  that  (£t)  in  this  case  is  trivial,  i.e.,  does  not  change  the  starting 
position  z.  We  will  see  later  that  this,  intuitively  very  acceptable  behaviour  (where 
(£()  affects  the  position  of  the  population  independently  from  VP,  which  affects  only 
the  mass  of  the  population),  appears  in  the  cases  where  (£t)  is  "simple".  However, 
in  general  case  the  behaviour  is  more  complicated  and  is  not  clear.  □ 

Formula  3.38  can  be  used  to  get  Q\ f(fi,  du)  for  some  other  fi.  The  idea  is  to  use  the 
branching  property  2.121,  and  limits  of  the  type  2.125,  to  calculate  Qf(^,,di^).  We 
can  not  obtain  explicit  formulas  by  this  procedure  in  the  most  general  case.  However, 
in  some  special  cases  we  can  use  measures  on  rays  (see  section  3.3)  to  obtain  nice 
explicit  formulas  for  Qf  (fi,dv).  The  procedure  is  described  below. 

Assume  that,  for  every  t  >  0,  there  is  a  positive  kernel  TtiX(da)  from  {E,£)  to 
(R+,,$(E+)),  such  that  x  i— >  Ttx(K )  is  bounded  for  every  compact  K,  and,  that  there 
is  a  function  ht  :  E  — >  R+,  such  that 

-vt,x{c)=  [+0°e-cbrt,x(db)-ht(x)    .  (3.40) 

Jo 

Using  the  results  from  section  3.3  we  obtain  that,  for  every  t  >  0,  there  is  a  measure 

on  rays  0Mj4  such  that  its  Laplace  transform  is 

/      e-<"'/>0/lt(di/)=   /    [+X  e-bf^Ttx(db)n{dx)  = 
JM+  '  Je  Jo 

=  -(/x,UtiI(/(x)))  +  (/i,/it(x))    .  (3.41) 

Recall  now  that  the  Laplace  transform  of  the  convolution  of  two  measures  on  the 
space  (M+,  J\4  +  )  is  the  product  of  their  Laplace  transforms  (see  section  2.5).   Then 
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3.41  and  3.37  imply  that 


9?(M»  =  e"<^W>  •  £ 


®Zid") 


n=l 


n\ 


[3.42) 


Let  us  consider  now  particular  branching  mechanisms  $  and  show  how  we  can  apply 
results  obtained  in  this  section. 

Case  ¥(a,  A)  =  -fe(a)A  -  c(x)X2;   6  g  6f ,  c  €  6p£,  c  >  0 

Using  3.36  and  3.6  we  obtain,  for  every  /  6  6p£, 


(KV)(») 


eM*)«  +  /(x)c(x)^ 


eK»)*-l 


(3.43) 


where  the  quotient  (e^1^  —  l)/6(i)  is  defined  by  3.7.  This  is  the  example  which 
satisfies  3.42.  Let  0M^  ~  expv(g),  where  expv(g)  is  defined  by  3.30,  and  rj  and  g  are 
given  by 


r](dx) 


,b(x)t 


c(x) 


t(x) 


;fi(dx)    and  <7(x) 


„fc(*)t 


:(x) 


e*(-)»-i 
b(x) 


(3.44) 


Let  a  function  ht  be  given  by 


/it(i)  = 


1 


<*)*%?    ' 


(3.45) 


Using  3.31  and  3.41,  we  obtain  that  Q^p.^du)  is  given  by  3.42,  since 


((i,ht(x))+   f      e-<"'»0Mit(» 

JM  + 


eH*)' 


f         <W  /" 

JEc(x)!^±+JE 


rfi(dx) 


-L 


/(*■)  + 


»K»)t 


c(x) 


_  _  /  f{x)n(dx) 

JE 


fi(dx)  = 


/£  eb(*)<  +  /(x)c(x)^ 


6(i)t_! 


«) 
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Simple  computation  shows  that  in  the  language  of  random  measures  0^  is  the 
Levy  (canonical)  measure  of  Qf(fj,,du)  (see  [37],  chapter  6).  Notice  that,  when 
c(x)  =  0,  then 

(KVX*)  =  f(*yr**  ,  (3-46) 

and 

Q«(M,^)  =  Ae-K.M<ta)(A/)    ,  (3.47) 

which  is  a  special  case  of  2.86. 

Case  $(x,  A)  =  n(x)(  1  -  e~aWx  );  n,ae  bpS,  a  >  0 

Notice  that  for  every  a  >  0,  n  >  0,  real  numbers,  it  is  not  possible  that  there 
exists  a  measure  T  on  R+  such  that 

r  +  oo  .  , 

/        e-XbT(db)  =  -  In  e^e"*  -  1)  +  1    -  *    , 
Jo  a       L  J 

since  A  =  0  would  imply  T(R+)  =  —h  <  +oo,  and  A  — >  +oo  would  imply  T({0})  = 
+oo.  Therefore,  in  this  case  we  can  only  use  formulas  3.36  and  3.38  to  get 

(V*f){x)  =  -i-  In  IfA'M^^M*)  -  1)  +  l]     ,  (3.48) 

a(x)        L  J 

and 

Qf(m6M,dv)  =  Y,[      »Wje-m"W'(e-"WaW'-l)     A(m+fco(j))4.((fi/)    .     (3.49) 

Let  us  also  mention  the  case  of  E  =  {1, . . . ,  n}.  In  that  case  $  is  determined 
by  $i, .  .  .  ,  $2,  and  every  ^z  £  M+  =  R"  is  /x  =  (/Zj, .  .  .  ,/xn).  Hence,  if  we  denote 
Qf(M«£{.}>^)  by  Q;(^,,di/),  then 

Qf(n,dv)  =  Q\{n1,dv)*...*Q?(nn,dv)    .  (3.50) 

Therefore,  the  (Idt,  #)-superprocess  (X*)  which  starts  at  /i  £  K"  is  given  by 

X?  =  (#,...,£•-)     ,  (3.51) 


87 


where  (£t  ')  are  independent  copies  of  one-dimensional  ^,-superprocesses,  such  that 
(£t  ' )  starts  at  /i,  £  R+.  The  infinitesimal  generator  Q  of  (X*)  is  given  by  2.115,  i.e., 

^      (    d2f         df       r+°°  \ 

(gf)(x)  =  J2*i[ciQ^  -b'dt.+ 1      [f(x  +  eiu)-f(x)]ni(du)\     .         (3.52) 

Notice  that  one  of  the  characteristics  of  the  process   (X*)  is  that  for  almost  all 
trajectories  u> 

{X?)i{Lj)  =  0   =>  {X?+h)i(u>)  =  0,  V/i  >  0.  (3.53) 

We  will  use  this  observation  later. 


CHAPTER  4 
TRANSITION  PROBABILITIES  OF  SUPERPROCESSES 

We  will  apply  results  from  Chapter  3,  to  describe  supersemigroups  of  general 
superprocesses.  In  the  case  of  "simple"  Markov  processes,  like  the  uniform  motion  to 
the  right  we  obtain  explicit  formulas.  However,  in  more  general  cases  we  are  not  able 
to  say  much.  Already  in  the  case  of  Markov  chains  we  can  describe  supersemigroups 
only  locally  with  the  application  of  Cameron-Martin  formula. 

4.1     Trotter-Kato  Formula 

In  this  section  we  restrict  ourselves  to  the  assumptions  of  section  2.4,  i.e.,  E  is  a 
locally  compact  Hausdorff  space  with  a  countable  base,  E&  the  one-point  compact- 
ification  of  E,  (£t)  a  Markov  process  with  state  space  (E,B(E))  (A  is  a  cemetery), 
whose  semigroup  (Tt)  satisfies  the  Feller  property,  and  a  branching  mechanism  ty  that 
satisfies  2.93  and  2.94. 

We  have  seen,  in  section  2.4,  that  under  these  assumptions  the  superprocess  (A't) 
is  a  Feller  process  with  state  space  M£,  and  (Xt)  actually  "lives"  on  M+.  We 
denoted  its  infinitesimal  generator  by  Q,  and  2.111  shows  how  Q  is  defined  on  its  core 
Exp(M^,V(A))  (see  2.109),  where  A  is  the  infinitesimal  generator  of  (Tt)  extended 
to  C(EA)  (see  2.92). 

However,  in  section  3.4  we  described  (Idt,  ^-superprocess  for  every  standard 
space  (E,£).  In  particular,  we  have  the  description  of  (Idt,  ^-superprocess  under 
the  assumption  of  this  section.  Let  us  denote  (Idt,  ^)-superprocess  by  (A-*),  and 
its  supersemigroup  by  (Qf).    Of  course,  (AT*)  is  also  a  Feller  process  on  M^  and 
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2£a:p(MA,Z>(0))  is  a  core  for  the  infinitesimal  generator  of  (X*).  Since  X^O)  = 
C(.Ea),  it  follows  that  for  every  A, 

ExP{Ml,V{A))  C  ExP(Ml,V(0))  =  £xp(M+  ,  C(£A))    . 

Let  us  denote  the  infinitesimal  generator  of  (X*)  by  Q* .  Then,  by  2.111,  for  every 
/  G  C(EA)+  and  M  g  M+, 

[G*{F,)]M  =  -[FM]  ■{?,*/)    .  (4.1) 

Consider  now  the  case  when  \?  =  0,  i.e.,  the  case  of  (Tt,  0)-superprocess.  Following 
the  notation  of  the  section  2.4  we  have  that  $  =  0,  and  Vt  =  Tt.  Since  Tt  is  linear 
and  positive  we  have  that  /j,Tt,  defined  by 

(fift,f)  =  (n,ftf)  (4.2) 

is  a  measure  in  MA.  Therefore,  we  have  an  explicit  formula  for  (Tt,  0)-supersemigroup. 
If  we  denote  (Tt,  0)-supersemigroup  by  (Q\ )  and  (Tt,  0)-superprocess  by  (X* ),  we  ob- 
tain that 

#(/*»  =  A^fr)    ,  (4.3) 

and 

Xi  =  X&tt    .  (4.4) 

Let  us  denote  the  infinitesimal  generator  of  (Qt)  by  Q^ ■  Again,  section  2.4  shows 
that  Exp(M^,V(A))  is  a  core  for  £<,  and,  for  every  /  g  C(£A)+  fl  V{A),  f  strictly 
positive,  and  /i  g  MA, 


[#(*»]  {li)  =  -[FM]  •  {Mlii/)    .  (4.5) 

Using  4.1,  4.5,  and  2.111,  we  obtain  that 

g  =  g*  +  G*  (4.6) 
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on  £xp(M^,P(y4)).  Since  we  have  the  description  of  (Qf)  (section  3.4),  and  the 
description  of  (Qf)  is  simple  (see  4.3),  the  equality  4.6  indicates  that  we  can  use  the 
well-known  consequence  of  Trotter-Kato  formula  (see,  for  example,  [47],  Corollary 
5.5)  to  obtain  an  approximation  formula  for  (Qt)- 

Theorem  4-1-1  For  every  F  £  Co(M^);  and,  for  every  t  >  0, 

W  =  «£*    (  4%<K/n  r    F  =  J™    (  QhnQffn  )"   F     >  W 

and  the  limit  is  uniform  on  bounded  t  intervals. 

Proof.  The  proof  is  now  almost  straightforward  application  of  Corollary  5.5  in 
[47].  We  only  have  to  be  careful  about  the  fact  that  we  are  dealing  with  cores  for 
infinitesimal  generators,  and  not  with  their  domains.  All  three  semigroups  (Qt),  {Qf), 
and  (Qt)  are  C0  semigroups  on  Banach  space  C0(M£),  and  all  three  are  contractions. 
Since  P(£*)n  £>(£«)  contains  Exp(M%,V(A)),  it  is  dense  in  C0(M£).  The  image  of 
£xp(M^,  T>(A))  with  respect  to  the  operator  zl  —  Q,  where  z  is  a  complex  number, 
such  that  Re(z)  >  0,  is  dense  in  C0(M£),  since  Exp(M~^,  V(A))  is  the  core  for  Q. 
By  4.6  the  same  is  true  with  respect  to  the  operator  zl  —  (£?*  +  Q*-).  It  follows  that 
the  closure 


of  Q    +G    is  the  infinitesimal  generator  of  a  contraction  Co  semigroup,  which  is  given 
by  limit  in  4.7.  By  4.6  and  2.109  we  obtain  that 


V(Q)  c  p(£*  +  gt) 

and 


g*  +  g*/v(g)  =  g  .  (4.8) 
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However,  both  Q  and  Q^  +  Qt  are  infinitesimal  generators  for  Co  semigroups  of  con- 


tractions. By  4.8  this  is  possible  only  if  Q  =  £7*  +  G^. 

Q.E.D. 
We  have  explicit  formulas  for  (Qf)  for  several  cases  (see  section  3.4),  and  for  (Qt) 
always.  In  particular,  (Q\)  has  a  very  simple  description  (see  4.3).  One  may  hope  to 
find  explicit  formulas  for  (Qt),  by  using  Theorem  above.  Unfortunately,  it  does  not 
seem  to  be  so.  The  following  example  illustrates  how  complex  these  formulas  can  be 
in  general.  In  some  special  cases  we  will  obtain  nice  explicit  formulas  in  section  4.3. 

Example  4-1-1  Let  (£t)  be  a  two-state  Markov  chain,  which  stays  for  exponential 
time  in  state  1,  then  jumps  to  state  2  and  stays  there  forever.  More  precisely,  its 
semigrouop  is 


and  its  infinitesimal  generator  is 


e 


-t 


l-e-1 


0  1 


(4.9) 


A  = 


-1     1 
0      0 


(4.10) 


Of  course,  in  this  case  E  =  EA  =  {1,2},  and  C(£A)  =  K2,  and  M£  =  R+ . 

Let  the  branching  mechanism  be  $(x,\)  =  —A2,  i.e.,  it  has  constant  coefficients. 
Then  the  (Tt,  \&)-superprocess  (Xt)  is  an  M+-valued  stochastic  process,  whose  in- 
finitesimal generator  is  given  by  (see  2.115), 

d2  d2  d  d  ,,      . 

zi^+z^-X!—  +Xl^r   •  (4-n) 

UXj  C/I2  UX\  UX2 

In  this  case  we  have  explicit  formulas  for  (Qf)  and  (Qt)  (we  do  not  need  "tilde" 
notation  here,  since  E  =  .Ea)-  Moreover,  we  can  find  also  an  explicit  formula  for 
a  nonlinear  semigroup  (Vt),  which  is  the  solution  of  2.61.  However,  even  in  this 
(relatively  simple)  case  we  were  not  able  to  extract  explicit  formula  for  (Qt). 


92 


Let  us  compute  the  explicit  formula  for  (Vt).  For  every  /  =  (/i,/2)  in  C(E&)~ 
i2+,  Vtf  =  ((Vtf)u(Vtf)2)  is  also  in  R*.  We  claim  that  Vtf  is  given  by 


'Vtfh  = 


h 


+ 


(/i  -  /2)e-f 


and 


/>*  +  !       (/2*  +  l)2[/o<(^?(/i-/2)  +  l] 

/l  ■ 


W)2  - 


(4.12) 


(4.13) 


Using  results  from  section  2.1,  it  is  enough  to  check  that  Vtf  is  well-defined,  positive, 
and  that  it  satisfies  2.61.  There  are  no  problems  with  the  second  coordinate  4.13, 
since  this  problem  is  solved  already  in  section  3.1  (see  formula  3.8).  Thus,  we  will 
concentrate  on  4.12.  If  /i  -  /2  >  0,  then  (Vtf)i  is  obviously  well-defined  and  positive. 
Consider  the  case  when  /i  -  /2  <  0.  We  define  a  real-valued  function  h  :  R+  — >  R 
by 

./o   (f2s  +  l)2 
Since  /i  —  /2  <  0  we  obtain,  for  every  t  >  0, 


Jo 


(T^Tiy^-72^1-/, 


/a<  +  l 


(/i  "  /2)  +  1 


^^«+-frl>° 


> 


Therefore,  (Vtf)l  is  well-defined.  Let  us  prove  that  it  is  positive.  By  the  proof  above 
we  obtain 

ey2t  +  i)2-h(t)>ey2t  +  i)2^ 

>  (fit  +  l)(/i*  +  1)  >  0    , 

which  implies,  since  f\  —  f2<  0, 


Wh  > 


h 


+ 


h~h 


/2t  +  l       (/2*  +  l)(/it  +  l) 
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/i  +  hht 


>  0    . 


(/a*  +  l)(/i*  +  l) 

It  remains  to  be  proved  that  (Vt)  satisfies  2.61.   Let  us  define  a  real-valued  function 

H  :  R+  — >  R  by 

H{t)=  (f2t  +  iy-h(t)  ■ 

By  differentiating  H(t),  and  using  that  i/(0)  =  1,  we  obtain 

h 


H(t)  =  l 


fH{s) 
Jo 


e-Vi-f2)H(s)  +  2- 


ds    . 


Multiplying  both  sides  by  e~l(fi  —  /2),  and  then  adding  fa/ (fit  +  1)  to  both  sides, 
and  using  the  fact  that 


W)i  -  /' 
Jo 


/a 


/a«  +  l 


ds  = 


/2 


/at  +  1 


+  e"t(/1-/2)    , 


we  obtain 


fa 

fas  +  l 


ds  — 


(Vtfh  =  (Ttfh  -  f 
Jo 

~  fQ  es~l  |  [e-(/,  -  fa)H(s)} 2  +  2^A_e-(/,  -  /,)*(*)}  <b    . 

By  changing  the  variable  of  integration,  and  by  writing  1  =  (1  —  e"s)  +  e~s ,  we  get 

(V./)i  =  (Ttf)1-  f  \T.(Vt..f)2}    ds    , 

Jo    L       .  ' : 

which  is  exactly  2.61  for  the  first  coordinate  in  this  case. 

As  we  have  just  seen  it  was  lengthy,  but  elementary,  to  check  that  4.12  and  4.13 
give  the  solution  of  2.61  for  our  (Tt)  and  $.  However,  it  was  not  so  easy  to  find  4.12. 
To  do  so  we  were  trying  to  solve  the  corresponding  differential  equation.  Combination 
of  several  useful  suggestions  from  [38],  and  many  guesses  led  us  to  4.12. 

Using  results  from  section  3.4  and  formula  4.3  we  obtain 


Qi{{ni,P2)](dv1,dv2))  =  A(Mie-ei/ll(1_e-t)+M)(d»/1,di/2) 


(4.14) 
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and 


Ml  +H2 


OO         , 

E 


n=0 


nl 


Qt((fiufi2);(dv1,dv2))  =  {dvudv2)  ■  e 

*:  /       \n-k 

E 


(4.15) 


^  (  n  \   [f]_    .,         /t     JJJ_ 


*  ;  fc*)-"1   e 


where  T  is  the  well-known  gamma-function. 

These  results  imply  the  following  formula  for  the  m-th  term  in  Trotter-Kato  ap- 
proximation formula  4.7 


Ql/mQf/m]     ((Vi,P2y,(di/1,dv2))  =  (dvi,dv2) 


_H±±2. 

e     '/m 
vxv2 


•e       </m       > 


S^7^£(^1-",,",',wl-e''/")+- 


ni  -fci 


n2 


f0  n2!(i/m)2"3 


/c2=0 


-l/mlfcj  M    _  e-t/m|n2-fc2, 


1 


"^  /  n2  -  fc2  \   

to   \        l*        J    (l-e-«/»)--*»-^ 


r(fc!  +  fc2  +  Z2)  r(na  +  n2  -  (A*  +  k2  +  Z2)) 


r^ortm-fcor^)^-^) 


E 


(i/2m)"" 


-i+nm       i 


^0    nm!(t/m)2"" 

•  E 

lm=0 


E    U7"       he^M^fl-e-^r-4" 


fcm=0 


1 


*m  —  «-m      *m 


y  (1  -e-«/m)r 

r(A:m_!  +  km  +  /m)  r(nm_!  +  nm  -  (A:m_!  +  A:m  +  lm)) 
Y{kTn)Y{nTn  -  &m) 

Despite  the  fact  that  the  formula  above  seems  to  show  some  sort  of  "regularity",  and 
that  we  have  explicit  formula  for  (Vt),  we  were  not  able  to  recognize  if  there  is  an 
explicit  formula  for  (Qt)-  This  question  remains  open.<0> 
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4.2     Superprocesses  over  Markov  Chains 

Let  (&)  be  a  Markov  chain  with  state  space  {l,2,...,n}.  It  is  determined  by 
its  semigroup  (Tt),  i.e.,  by  the  infinitesimal  generator  A  =  (a,j)".  As  we  have  seen 
already  in  section  2.4  and  2.5  the  superprocesses  over  (&)  are  branching  Markov  pro- 
cesses on  R",  whose  infinitesimal  generators  are  given  in  Theorem  2.4.3.  The  class 
of  branching  Markov  processes  on  R"  has  been  studied  by  Watanabe  in  [57]  (the 
paper  actually  deals  with  the  case  n  =  2,  but  only  to  make  notation  simpler)  and 
by  Rhyzhov  and  Skorokhod  in  [51].  Of  course,  at  that  time  (1969)  they  did  not  con- 
sider the  terminology  of  superprocesses.  However,  in  their  papers  they  characterized 
completely  the  infinitesimal  generators  of  branching  Markov  processes  on  Rn  (see, 
for  example,  [57],  Theorem  2,  pp. 449-450).  Comparing  these  formulas  to  2.115  we 
can  see  that  the  class  of  superprocesses  over  Markov  chains  is  smaller  than  the  class 
of  branching  Markov  processes  (there  are  no  termination  coefficients  in  2.115  and 
drift  coefficients  are  restricted  by  b  and  A).  Even  more  general  class,  of  branching 
processes  on  R+  with  immigration,  has  been  studied  in  [40]. 

Following  the  notation  of  the  previous  section,  we  obtain  from  2.115  that  (Idt,  $)- 
superprocess  (X*)  has  the  infinitesimal  generator  £*,  given  by 

d2F       .   OF 


(e^)W  =  Ew 


t=i 


(4.16) 


a-t      ,  at        r°°,    , 

In  particular,  it  shows  that  (X*)  is  equal  to  the  process  (see  3.51  and  3.52) 

(JfMfV..,^)    ,  (4.17) 

where  (£t  *)  are  independent  one-dimensional  superprocesses  with  respect  to  ^,(A)  = 
9(i,  A);  i  =  1,. . .  ,n.  Recall  (chapter  3)  that  each  (£*•)  is  the  time-changed  process 
of  the  Levy  process  (Lt  ')  stopped  at  zero  (see  3.20).  In  particular,  it  shows  that,  for 
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every  i0  6  {1,.  ..,n}  (see  3.53), 

P  [((*»%).„  >  0,  for  some  &  >  o)  |    ((**),„  =  o)]  =  0    .  (4.18) 

Formulas  4.3  and  4.4  give  the  total  description  of  the  process  {Xf).  It  is  a  determin- 
istic process,  whose  infinitesimal  generator  is  given  by  (see  2.115) 

(S*F)(p)  =  J2  t*(A  ■  VF),  =  (n,A-  VF)    .  (4.19) 

t=i 

Despite  these  nice  formulas  for  "component  processes"  (X*)  and  (X$),  we  can 

not  recover  (Xt)  from  them  in  general.    However,  in  the  case  of  diffusions  we  can 

obtain  the  local  behaviour  of  (Xt)  through  (X?)  and  the  Cameron-Martin  formula. 

The  case  of  diffusion,  that  we  will  be  concerned  with,  corresponds  to  the  branching 

mechanism 

*(z,A)  =  -&,A-c,A2    , 

where  6,  £  R,  and  c,  >  0,  for  every  i  =  l,...,n.  The  infinitesimal  generator  £* 
is  given  by  4.16,  where  m  =  0,  i  =  1, . . .  ,n.  The  superprocess  (Xt)  over  (&)  is 
determined  by  its  infinitesimal  generator  Q,  given  by  (see  2.115) 

n  /      Q2p  8F\ 

(QF)W  =  gft  ^c—  -  6,-j  +  feA.  VF)    .  (4^20) 

Although  one  may  think  that  it  is  suitable  to  apply  Cameron-Martin  formula  globaly, 
it  is  not  so.  Formula  4.12  shows  that  in  general 

P  [((Xt+h)i0  >  0,  for  some  h  >  0)  |   ((Xt)io  =  0)]  >  0    .  (4.21) 

Therefore,  it  is  not  possible  that  PA-  is  absolutely  continuous  with  respect  to  Fx*. 
Hence,  we  have  to  localize  our  problem. 

In  the  rest  of  this  section  we  will  work  on  the  canonical  versions  of  diffusions 
involved.     More  precisely,  the  probability  space  is  fi   =  C(R+,Rn),  the  set  of  all 
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continuous  Revalued  functions  on  R+.  Coordinate  process  is  (xt),  where  xt(u>)  = 
u(t),  for  v  £  0,  t  >  0.  The  filtration  (F°)  is  defined  by  T?  =  a(xs\  s  <  t), 
J7^  =  ct(U<>o^)).  Hence,  to  determine  the  process  simply  means  to  determine  a 
measure  on  Q  which  corresponds  to  the  process.  If  the  process  starts  at  x  £  Rn,  we 
will  denote  the  corresponding  measure  by  Px.  If  the  state  space  of  a  diffusion  is  a 
closed  set  H  C  Rn,  then  C(R+,H)  C  C(R+,Rn)  is  J^  measurable  subset,  since 

C(R+,H)  =  {ue  fi  :  xqe  h,  v9gQ+}   . 

Therefore,  when  we  say  that  H  is  a  state  space  for  a  diffusion,  given  by  (Px;  x  £  H), 
we  mean  simply  that  PX(C(R+,  H))  =  1.  In  particular  we  can  consider  canonical  ver- 
sions of  (Xt)  and  (X*).  The  family  of  probability  measures  (Ilx;  x  £  R")  determines 
(Xt),  and  the  family  (II|;  x  6  R")  determines  (X*). 

Let  us  consider  the  local  behaviour.    For  every  e   >  0,  and  for  every  M  £  N, 
£  <  M,  we  define  H  =  H(e,  M)  C  R^  by 

H  =  {(xu...,xn)  £  R"   :   e  <  x,  <  M,  Vz  =  l,...,n  }     .  (4.22) 

Obviously  H  is  a.  closed  set.  We  denote  its  interior  and  frontier  by  int(H)  and  Fr(H), 
respectively.  Let  us  define  a  stopping  time  t  =  t(e,  M)  by 

r  =  inf{i>0:    xteFr(H)}    .  (4.23) 

We  will  consider  the  stopped  process  (xtAT;  t  >  0)  with  respect  to  r.  For  every 
x  £  int(H),  the  stopped  process  will  "behave"  like  a  starting  process  until  it  hits 
the  boundary  Fr(H).  Since  for  every  x  £  ini(R"),  we  can  find  z  and  M  such  that 
x  £  int(H),  the  stopped  processes  of  our  superprocesses  will  describe  their  local 
behaviour. 
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Let  us  "glue"  all  the  points  in  Rn  to  the  closest  point  on  the  boundary  Fr(H), 
i.e.,  we  define  a  mapping  h  :  R  ►  [e,  M]  by 


h(x)  =  < 


£  ;       x  <  e 

x-      xe[e,M]  (4.24) 


M;     x  >  M 

Therefore,  for  (xu. .  .  ,xn)  e  H,  (h(xi),. .  .,h(xn))  =  (xj,. .  .  ,xn). 

Consider  now  a  field  of  matrices  a  and  two  fields  of  vectors  /3  and  7,  given  by 

■«(•» ^={U«.)  i«i=':  (4-25) 

A(x„...,xn)  =  -f>,k(x,)    ,  (4.26) 

■*(»„-,«.)-  E*—*-*^    ■  (4.27) 

Notice  that  x  1— >  a(x),  x  >— >  /3(x),  x  \-*  j(x),  and  x  h^  a(x)7(x)  are  all  Borel  mea- 
surable and  bounded  on  Rn.  Also,  for  every  x  E  Rn,  q(x)  is  a  diagonal  matrix  with 
strictly  positive  coefficients.  In  particular,  a(x)  is  symmetric  and  non-negative.  Since 
both  functions,  /(x)  =  x  and  <7(x)  =  y/x,  satisfy  Lipschitz  condition  when  restricted 
on  [e,M],  we  conclude  that  our  matrix  field  and  our  vector  fields  satisfy  Lipschitz 
condition  which  is  sufficient  for  the  existence  and  uniqueness  of  the  corresponding 
stochastic  differential  equations  (see  [50],  Chapter  IX).  More  precisely,  there  exists 
a  diffusion  with  state  space  Rn  whose  infinitesimal  generator  is  given  by  the  second 
order  differential  operator 

sg^S +£«•>»;  •  (4-28) 

Let  us  denote  the  corresponding  family  of  measures  by  (P^,;  x  £  Rn).  The  restriction 
of  the  coefficients  of  the  operator  4.28  on  H  gives  us  exactly  the  coefficients  of  the 
infinitesimal  generator  Q  .  Let  us  consider  only  the  set  of  measures  (P^,;  x  6  int(H)), 
and,  with  respect  to  these  measures,  the  stopped  process  (xtAT).   By  Theorem  10.2. 
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in  [16],  it  is  again  a  standard  Markov  process,  and  by  the  uniqueness  of  the  solution 
of  the  stopped  martingale  problem  (see  p. 216  in  [24]),  it  is  equal  to  the  superprocess 
[Xf)  stopped  at  r.  By  the  same  argument  there  exists  a  diffusion  determined  by  an 
operator 

^E«.-.()^  +  E^(-)  +  K-h(-)W^  ■  (4.29) 

1=1  cxt        J=j  ux1 

The  corresponding  family  of  measures  we  denote  by  (Px;  i  6  E"),  Since  the  operator 

4.29  corresponds  to  Q  on  H,  we  conclude  that  the  stopped  process  (xtAT)  is  the 

realization  of  the  superprocess  (Xt)  stopped  at  r.  Therefore,  if  we  can  recover  Px\J-f^T 

from  P%\J-f^T,  then  we  will  describe  the  local  behaviour  of  (Xt)  through  the  local 

behaviour  of  (X*).  As  formula  4.17  shows,  there  is  a  nice  characterization  of  (X*), 

and  it  is  easier  to  describe  [Xt f)  than  (Xt).    The  following  theorem  shows  that  we 

can  use  Cameron-Martin  formula  to  achieve  this  goal. 

Theorem  4-2-1  For  every  t  >  0,   and  x  G  int(H),  Px\J-fAT  is  absolutely  continuous 
with  respect  to  PX,\J-^AT)  and 
dP2 


x  r     rt/\T  rtr\T  "i 

I      ^r     =    eXP\/0  ^(Xs)'    d*°)       -       2    JO  ^'^K1')^     / 


dp 

where  xt  =  xt  —  J0  {3(xs)ds. 


(4.30) 


Proof.  The  theorem  is  a  straightforward  consequence  of  Theorem  1.10.  on  p. 344, 
and  Proposition  1.3.  on  p. 302  in  [50].  It  is  enough  to  check  that  a,  /3,  and  (7,07) 
are  bounded  fields.  We  established  that  already  for  a  and  /3.  Consider 


(7,Q7)(xi,...,xn)  =  ^7,(1!,..., xn)  •(Q7),(xi,...,xn)  = 

1=1 

i=1    aa(xi,...,xn) 

which  is  bounded  by  (M2/e)n  ■  supt;;  |atj|2  <  +00. 

Q.E.D. 
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Let  us  mention  at  the  end  of  this  section  that  more  details  on  the  behaviour  of 
the  superprocess  (Xt)  near  the  boundary  of  R"  one  can  find  in  [57],  pp. 462-465. 

4.3     Superprocesses  over  Deterministic  Markov  Processes 

Let  (E,£)  be  a  standard  space  and  (M+,.M  +  )  the  measurable  space  of  all  finite 
(positive)  measures.  In  this  section  we  will  not  use  the  infinitesimal  generator,  thus 
there  is  no  need  for  "tilde"-notation  as  in  section  4.1.  However,  we  will  deal  with 
"component  processes"  (X*)  and  (Xf).  Therefore,  superindex  $  indicates  (Idt,ty)- 
superprocess  (see  section  3.4)  and  superindex  £  indicates  (Tt,  0)-superprocess  (see 
formulas  4.2  -  4.4).  Recall  that  Vt  =  Tt,  and  detailed  description  of  (V*)  is  given  in 
section  3.4. 

The  following  theorem  will  be  the  basis  of  our  analysis  in  this  section.  It  treats 
the  case  when  the  solution  (Vt)  of  2.61  for  (Tt,  ^-superprocess  is  particularly  nice. 

Theorem  4-3.1  If  Vtf  =  V*(Ttf),  for  every  t  >  0  and  f  G  bpE ,  then,  for  every  t  >  0 
and  ii  G  M+,  the  measure  Qt((i,dv)  is  the  image  measure  of  Qf(fi,du)  with  respect 
to  the  mapping 

v^vTt    ,  (4.31) 

where  vTt  6  M+  is  defined  by  (i/Tt,  f)  —  (i/,Ttf).  In  particular,  we  obtain  that  the 
(Tt,ty) -superprocess  (Xt)  is  given  by 

Xt  =  XfTt    .  (4.32) 

Proof .  Consider  the  mapping  M+  3vh  vTt  G  M+.  To  prove  that  this  mapping 
is  ,M  +  /.M  +  -measurable,  it  is  enough  to  prove  that 

v  h-»  (vTt,f) 

is  _M+-measurable,  for  every  /  G  bpE.  Since  Ttf  G  bp£,  and  (uTt,f)  =  (i/,Ttf),  our 
statement  is  true. 
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Recall  that  Laplace  transform  determines  the  measure  uniquely.  Let  us  denote 
the  image  measure  of  Qf([i,dv),  with  respect  to  f  n  i/Tt,  by  Q.  It  is  enough  to 
prove  that  the  Laplace  transform  of  Q  is  equal  to  the  Laplace  transform  of  Qt(n,  di>). 
Using  our  assumption  on  (Vt)  we  obtain 

=  /      e-WVQjifi,  du)  =  e-<*^^«)  = 

=  e~<»™=  [      e-W>g,(Ml4,)    . 

Q.£.£>. 
If  we  combine  Proposition  3.4.1  with  the  theorem  above,  we  will  obtain  the  fol- 
lowing formula. 

Corollary  A. 3.1  If  Vtf  =  V*(Ttf)  and  X0  =  m62,  m  €  R+,  z  €  E,  then 

Xt  =  £*'-(6,Tt)    ,  (4.33) 

where  [it  ')  is  the  one- dimensional  branching  superprocess,  which  corresponds  to  the 
branching  mechanism  A  i-»  \P(z,A),  and  is  such  that  £0*  =  m.  Notice  also  that  the 
measure  8zTt  €  M+  satisfies,  for  every  C  €  £, 

(SzTt)(C)  =  Pz((teC)    .  (4.34) 

Formula  4.33  is  very  explicit,  but  it  is  obtained  under  very  strong  assumptions. 
We  will  show  now  that  deterministic  Markov  processes  and  branching  mechanism 
with  constant  coefficients  satisfy  all  these  assumptions. 

Let  ^(x,  A)  be  a  branching  mechanism  on  (E,E)  with  constant  coefficients,  i.e.,  vp 
is  just  the  function  of  A  and  does  not  depend  on  x.  Let  (£t)  be  a  deterministic  Markov 
process  with  state  space  (E,£),  i.e.,  (£t)  is  described  completely  by  a  function 

£  :  R+  x  E  — >  E    , 
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such  that  £(  =  ((t,x),  if  £0  =  x-  The  Markov  property  simply  means  that,  for  every 
i,s£R+  and  x  £  E, 

({t  +  s,x)  =  ((t,((s,x))    .  (4.35) 

In  such  a  case  we  have,  for  every  /  £  bpS, 

(Ttf)(x)  =  f(tit,x))    .  (4.36) 

Consider  Vt  :   bp£  — >  bp£,  defined  by 

(Vtf)(x)  =  [v*{Ttfj\  (x)  =  vt(f(at,  *)))    ,  (4.37) 

where  vt  is  defined  by  3.32  and  3.33,  and  does  not  depend  on  x  £  E,  since  *  has 
constant  coefficients.  Hence,  vt  :  R+  ►  R+  is  a  function  which  satisfies 

vt(a)  =  a  +  J  y(v3(a))ds    ,  (4.38) 

for  every  a  £  R+ .  It  follows  that 

7U  mV.f)]  (x)  =  [*(?./)]  («i  -  5,  x))  =  by  4.37  = 

=  *[f.[/(f(a,f(* -a, *)))]]  =  by  4.3S  = 

=  ¥[«.[/(*(*,*))]]    - 
Using  4.38  and  4.36  we  obtain 

r  iu  [*(v,f)]  (x)dS  =  r  *  [„.[/(#*,  X))]]  <** = 

=  «*[/(«*,*))]  -  /(««,*))  =  (Vtf)(x)  -  (Ttf)(x)    . 

Therefore,  (Vt)  satisfies  conditions  of  Theorem  4.3.1.  For  every  y,  £  M+  we  will 
denote  the  image  measure  of  /z,  with  respect  to  the  mapping  x  i-»  £(t,  x),  by  /x[£  :  *]. 
It  follows  that: 
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Corollary  4-3-2  The  Dawson-Watanabe  superprocess  (Xt)  over  deterministic  Markov 
process  (£t)  with  branching  mechanism  A  i— »  ^(A)  with  constant  coefficients  is  given 
by 

Xt  =  X*[t:t]    .  (4.39) 

In  particular,  if  Xq  =  m8Zt  m  £  R+,  z  €  E,  then 

Xt  =  £f-6c{t,z)  =  (Xt,l)-6i{tiZ)    ,  (4.40) 

where  l*  =  m. 

Proof.  This  is  a  direct  consequence  of  4.32  and  4.33.  We  have  to  prove  only  that, 
for  any  fi  £  M+,  fiTt  =  fi[(  :  t],  and,  in  case  \i  =  6Z,  y.Tt  =  $t(t,z)-  This  follows  easily 
by  simple  computation 

(/iT,,/)  =  (ti,Ttf)  =  (m, /(«*,■))>  =  (m!^  :il>/) 
and,  if  fi  =  Sz, 

(»TtJ)  =   f  f(t(t,x))8z(dx)  =  f(({t,z))  =  <%,,),/)  • 

JE 

Q.E.D. 

Remark  4.3.1  Notice  that  4.39  and  4.40  give  a  total  description  of  the  superprocesses 
over  deterministic  Markov  processes  (ft)  with  branching  mechanism  #(A).  Particu- 
larly pleasing  is  the  formula  4.40,  since  it  has  very  nice  heuristic  interpretation.  If 
we  think  of  superprocesses  as  the  distribution  of  a  population  of  particles,  then  4.40 
says  that,  if  the  entire  population  has  mass  m  and  is  positioned  at  z  6  E,  then  at 
the  moment  t  the  entire  population  will  be  positioned  at  i(t,z)  G  E,  and  its  mass 
will  be  If,  which  is  the  one-dimensional  branching  superprocess  with  respect  to  #, 
described  completely  in  sections  3.1  and  3.2.  In  other  words,  the  "spatial  motion"  of 


104 


(Xt)  is  governed  by  (£t),  while  the  "distribution  of  mass"  is  governed  by  $ .  Compare 
this  remark  to  Remark  3.4.1.D 

Let  us  consider  now  the  uniform  motion  to  the  right  on  the  real  line,  i.e.,  £(i,  x)  = 
x  +  t.  Formula  4.40  in  this  case  states 

Xt  =  l?  -62+t  =  (Xt,l)-6z+t    .  (4.41) 

However,  we  can  not  apply  this  formula  in  the  case  of  nonconstant  coefficients  of 
#,  i.e.,  Vl>(x,A).  Still,  even  in  this  case  we  can  obtain  explicit  formulas  for  (Vt)  in 
some  cases  of  Vf.  We  actually  obtained  these  formulas  through  the  application  of 
Trotter-Kato  formula.  Once  we  have  them,  it  is  elementary  to  check  that  they  satisfy 
proper  integral  equation.  Therefore,  we  will  just  list  these  formulas  here. 
In  the  case  of  \&(x,  A)  =  —  b(x)X,  where  b  is  bounded,  Borel  measurable, 

(Vtf)(x)  =  f(x  +  t)-e-So^+')d'    .  (4.42) 

In  the  case  of  *(x,  A)  =  -c(x)A2,  where  c(x)  >  0  is  bounded,  Borel  measurable, 

W)W  =  IT7(^b^-  (443) 

In  the  case  of  #(x,  A)  =  n(x)[  1  -e_aA],  where  n(x)  >  0  is  bounded,  Borel  measurable 
and  a  >  0, 


(Vtf)(x)  =  -  In 


a/0'"(*+»)<^  fe*f(x  +  t)  _  I*]   +  1 


(4.44) 


Natural  question  is  now,  can  we  expect  that  in  this  cases  we  will  also  have 

Xt  =  (Xt,  1)  •  Sz+t,  i(X0  =  6z    .  (4.45) 

The  following  computation,  with  g(x)  =  f(z  + 1)  —  const., 
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E 


s, 


r(A'„S)     _  e-(Vtfl)(z) 

shows  that  4.45  is  satisfied  in  all  three  cases  above,  since  for  all  of  them 

(Vtg){z)  =  (Vtf)(z)    . 

However,  the  process  (Xt,  1)  is  R+- valued  stochastic  process,  but  it  is  not  necessarily 
a  branching  process  any  more  (as  we  have  seen  in  Example  3.1.2).  The  following 
example  shows  that  it  is  also  not  necessarily  a  Markov  process  any  more. 

Example  4.3. 1  Let  #(x,A)  =  -b(x)\.  If  X0  =  mSz,  we  can  apply  the  results  from 
section  2.3,  on  Kac  semigroup,  to  get 

(Xt,f)=mf(z  +  t)-e-Iob^+^    .  (4.46) 

It  follows  that  (Xt,  1)  is  a  deterministic  process,  say  (i/tm),  where  H™  —  m,  and 

H™  =  m  ■  e~  &h{z+u)du    . 

Suppose  otherwise  that  H  describes  a  Markov  process.  In  that  case 

e»,  =  hF  . 

By  4.46  it  would  imply 

/    b(z  +  u)du  +  /    b(z  +  u)du  =   [       b(z  +  u)du    , 
Jo  Jo  Jo 

which  is  not  true  for  every  choice  of  b.() 

As  the  last  result  of  this  thesis  we  will  list  the  supersemigroups  (Qt)  for  the  cases 
given  in  4.42-4.44. 

The  case  4.42  is  the  linear  case,  thus  (Qt)  is  given  by  2.86  in  the  section  on  Kac 
semigroup.  To  resolve  the  case  4.43  we  follow  the  analysis  in  sections  3.3  and  3.4. 
We  define  a  kernel 

Xt(x,N)  =  \{ae  R+\  a-6x+t  e  N  }    , 
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where  A  is  the  Lebesgue  measure.  It  is  completely  analogous  to  3.24,  except  it  lives 
on  "shifted  rays"  Sx+t,  and  not  on  6X  as  in  3.24.  Then,  as  in  3.28,  we  define  A^  with 
respect  to  A(,  and,  as  in  3.30  exp^h)  with  respect  to  A'     We  obtain  that 

Qt{fl,dv)  =  e-^±^P.    ,  (4.47) 


n' 

n=0  "■■ 


where 


and 


/o  c(x  +  s)ds 


®M,t  =  exp^(x)pM(dx)  Qf  c{x  -(t-  s))ds^     .  (4.49) 

Finally,  using  Newton's  binomial  formula  we  can  easily  compute  that  in  the  case 
4.44,  the  supersemigroup  (Qt)  for  the  starting  measure  /x  =  m8z,  m  >  0,  z  6  E,  is 
given  by 

Qt{m6z,dv)  =  (4.50) 


•      •      • 


CHAPTER  5 
CONCLUSION 


The  results  of  this  thesis  can  be  divided  roughly  into  two  groups.  The  first  group 
consists  of  results  given  in  chapter  2,  while  the  second  group  consits  of  results  given 
in  chapters  3  and  4. 

The  results  of  the  first  group  are  related  to  the  problem  of  the  foundation  of  super- 
processes.  As  we  have  seen  in  the  introduction,  several  ideas  were  offered  in  the  last 
twenty  years.  Our  approach  relates  closely  to  the  approach  via  Markov  semigroups 
given  by  Watanabe,  Fitzsimmons  and  Dynkin.  What  is  new  in  our  case  is  that  we 
consider  a  superprocess  (Xt)  as  M+-valued  Markov  process,  where  M+  is  the  set  of 
positive  elements  of  M,  where  M  is  the  subspace  of  the  space  of  linear  functionals 
over  a  Banach  space  and  linear  lattice.  In  this  way  we  consider  a  superprocess  rather 
as  a  functional-valued  process,  than  as  a  measure-valued  process.  Of  course,  in  par- 
ticular examples  these  functionals  will  be  measures,  but  our  framework,  we  believe, 
has  several  advanteges.  First,  the  conditions  are  very  general  on  M  and  (Tt)  (see 
section  2.1),  and,  although  they  may  appear  very  technical,  are  easily  checked  in 
more  "natural"  situations,  as  is  illustrated  by  Examples  2.1.1  and  2.1.2.  Actually 
this  generality  goes  so  far  that  we  think  section  2.1  is  interesting  in  itself  just  from 
an  analytical  point  of  view,  as  a  way  of  preserving  positivity  of  nonlinearly  perturbed 
semigroups.  As  we  indicated  at  the  end  of  section  2.1  our  condition  2.44  may  be  even 
close  to  being  a  necessary  condition  for  preservation  of  positivity.  However,  in  the 
full  generality  of  section  2.1  this  remains  an  open  question. 
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Secondly,  this  approach  enables  us  to  apply  the  theory  of  Banach  spaces  to  su- 
perprocesses.  The  theory  of  Banach  spaces  was  largely  studied  and  offers  variety  of 
mathematical  tools.  As  for  the  third  advantage,  let  us  concentrate  on  Definition  2.1.3 
of  positive  M-Pettis  integrable  semigroup.  The  crucial  condition  here  is  that  (Tt)  is 
M-invariant.  Namely,  for  particular  Markov  processes  (£t)  their  Markov  semigroups 
are  sometimes  invariant  with  respect  to  some  proper  subspaces  of  the  space  of  mea- 
sures. In  such  a  case  we  hope  to  get  (Xt)  as  M+-valued  process,  which  can  be  an 
important  restriction  of  the  state  space  of  (Xt).  However,  except  for  applying  this  to 
Feller  semigroups  (Tt)  in  section  2.4,  we  did  not  use  this  reasoning  in  the  thesis.  We 
hope  that  in  our  future  work  it  will  be  substantially  used. 

Let  us  also  mention  one  particular  result  which  belongs  to  this  part.  This  is 
Lemma  2.1.3.  In  order  to  be  able  to  apply  condition  2.44  we  need  to  apply  one 
linear  perturbation  first  (actually  Corollary  2.1.1).  Several  authors  noticed  that  fact 
in  their  particular  setting,  and  they  usually  prove  Corollary  2.1.1  by  integration  by 
parts  or  some  similar  method.  Our  Lemma  2.1.3  is  a  much  more  general  result  than 
Corollary  2.1.1,  and  it  is  proved  as  a  Fubini-type  theorem,  which,  we  believe,  is  the 
"true  nature"  of  such  results.  As  one  would  expect,  the  results  in  section  2.3  on  Kac 
semigroup  come  as  an  easy  consequence  of  Lemma  2.1.3. 

Once  we  establish  superprocesses  in  a  rigorous  way,  the  next  question  is;  what 
are  they?  What  is  their  behaviour?  How  does  it  change,  when  we  change  the  pa- 
rameters given?  In  spite  of  the  fact  that  superprocesses  were  extensively  studied 
in  last  twenty  years,  it  seems  that  their  behaviour  is  still  not  so  well  known.  One 
usual  way  to  characterize  them  is  through  the  martingale-type  description  of  their 
infinitesimal  generators.  In  general,  the  analysis  of  Markov  processes  via  infinitesimal 
generators  is  one  of  the  most  succesful  approaches  in  the  theory  of  Markov  processes. 
The  achievements  of  this  approach  regarding  superprocesses  are  documented  in  the 
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literature  mentioned  in  the  introduction  and  throughout  the  text.  We  would  like 
to  concentrate  on  some  difficulties  here.  We  see  at  lest  two.  The  first  one  is  that 
the  space  of  measures  is  much  less  understandable  to  us  than,  for  example,  Rn.  In 
particular,  if  Mn-valued  process  is  characterized  by  its  infinitesimal  generator,  then 
we  understand  its  behaviour,  since  calculus  in  R"  is  one  of  the  main  tools  in  its  de- 
scription. We  believe  that  it  is  much  harder  to  deal  with  analogous  situation  in  M+. 
However,  at  least  in  the  case  of  Markov  chains,  when  M+  =  R"  ,  this  type  of  charac- 
terization should  be  complete,  and  essentially  it  was  done  already  by  Lamperti  and 
Watanabe  in  the  late  sixties  and  early  seventies.  But  in  this  case,  as  well  as  in  the 
general  case,  we  take  note  of  the  second  difficulty.  Obviously,  there  are  two  elements 
which  influence  the  superprocess.  One  is  the  branching  mechanism  ty ,  another  is  the 
Markov  process  ((t),  i.e.,  its  semigroup  (Tt).  What  is  the  influence  of  each  of  them? 
How  do  they  interact?  We  believe  that  these  questions  are  still  interesting  even  on 
the  level  of  Markov  chains  (£t). 

Here  we  come  to  the  second  group  of  our  results,  given  in  Chapters  3  and  4.  Of 
course,  we  do  not  claim  that  we  have  answered  the  questions  mentioned  above,  but 
we  believe  that  in  this  thesis  we  have  obtained  some  improvements  in  that  direc- 
tion. Our  idea  was  to  cocentrate  on  a  careful  analysis  of  a  transition  supersemigroup 
(Qt([i,di/))  or,  at  least,  (Vj).  Although  it  is  in  general  a  "more  primitive"  tool  than 
the  infinitesimal  generator,  we  hope,  because  of  the  difficulties  mentioned  above,  to 
understand  (Xt)  sometimes  better  in  this  way.  We  also  tried  to  obtain  explicit  formu- 
las, whenever  possible.  Of  course,  since  it  involves  the  solutions  of  nonlinear  integral 
equations,  we  can  not  expect  to  get  these  formulas  in  general  cases.  Example  4.1.1 
should  illustrate  problems  in  that  direction. 

We  started  by  dividing  (Xt)  into  its  "component  processes",  (A'*),  which  is  ob- 
tained for  general  ^  and  (t  =  (0,  and  (Af  ),  which  is  obtained  for  \P  =  0  and  general 
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(6)-  (A*)  ls  trivial,  since  it  is  a  deterministic  process  given  by  4.4.  In  Chapter  3 
we  described  (A*)  rather  completely,  by  using  Lamperti's  results  on  one-dimensional 
branching  processes,  which  are  time-changed  Levy  processes.  We  also  improved  Lam- 
perti's description  by  adding  some  explicit  formulas  for  (Vt)  and  (Qt)-  In  the  most 
general  case,  we  have  a  nice  description  of  (X*),  when  A*  =  m6z  (Proposition  3.4.1), 
while  for  more  general  starting  fx,  we  use  branching  property  (section  2.5)  to  get  (A'*). 
Particularly  interesting  is  a  diffusion  case,  i.e.,  the  case  of  ^(x,  A)  =  —  b(x)X  —  c(x)X2. 
In  this  case,  through  the  introduction  of  the  notion  of  a  measure  on  rays,  we  obtained 
nice  explicit  formulas  for  Vtf  and  Qt(^,du),  for  every  fi. 

Let  us  also  mention  that  in  section  3.2  we  obtained  a  nice  result  on  Brownian 
motion,  which  is  interesting  regardless  of  superprocesses.  This  is  Theorem  3.2.1, 
which  complements  "from  the  left"  the  Engelbert-Schmidt  zero-one  law  (see  Remark 
3.2.2). 

In  Chapter  4  we  try  to  implement  the  second  part  of  the  program,  i.e.,  to  relate 
(Xt)  to  (A"*)  and  (X't f).  Intuitively,  the  most  interesting  results  are  given  in  section 
4.3,  where  we  give  the  complete  description  of  (Xt)  for  deterministic  (£t)  and  \1>  with 
constant  coefficients.  The  results  show  that  the  "spatial  motion"  of  (Xt)  depends 
exclusively  on  (£t),  while  the  "mass"  of  (Xt)  depends  exclusively  on  ty .  Explicit 
formulas  are  obtained  in  these  cases.  Also,  explicit  formulas  are  given  for  uniform 
motion  to  the  right,  and  ty  with  nonconstant  coefficients. 

In  general  we  can  not  expect  such  nice  formulas,  as  is  illustrated  in  sections  4.1 
and  4.2.  In  section  4.1  we  proved  that  Qt(fi,di/)  can  be  approximated  by  Qf  and 
Qt.  In  section  4.2  we  treat  the  case  of  Markov  chains  (£t).  It  is  shown  that  we  can 
recover  local  behaviour  of  (Xt)  through  local  behaviour  of  (A*),  by  using  Cameron- 
Martin  formula.  The  information  on  (£f)  is  hidden  in  the  density  which  occurs  in  the 
Cameron-Martin  formula. 
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Again  #  influences  the  "mass"  and  (£t)  the  "spatial  motion",  but  not  exclusively. 
All  the  time  certain  parts  of  the  "mass"  are  shifted  from  position  to  position  according 
to  (£t).  However,  except  intuitively  we  don't  have  any  results  which  will  describe  this 
"shifting  of  mass"  more  precisely.  It  is  an  open  question,  whether  there  is  some 
(maybe  probabilistic)  mechanism  to  describe  this  structure?  Let  us  also  mention 
that  (Xt)  behaves  in  a  totally  different  way  than  (X*)  at  the  boundary  of  R" .  When 
(Xt)  hits  the  boundary  it  leaves  it  immediately,  unless  it  is  zero,  while  when  (X*) 
hits  the  boundary,  it  remains  there  forever  and  eventually  ends  up  in  zero. 

Finally,  since  we  have  the  description  of  (X*)  in  the  most  general  cases,  we  hope 
that  in  the  future  we  will  develop  our  methods  succesfully  for  more  complicated  cases 
of  Markov  processes  (<f(). 


REFERENCES 


[1]   K.B.   Athreya  and   P.E.   Ney.     Branching  Processes.     Springer- Verlag,   Berlin- 
Heidelberg-New  York,  1972. 

[2]   C.  Berg,  J.P.R.  Christensen,  and  P.  Ressel.  Harmonic  Analysis  on  Semigroups. 
Springer- Verlag,  New  York-Berlin-Heidelberg,  1984. 

[3]   C.  Berg  and  G.  Forst.    Potential  Theory  on  Locally  Compact  Abelian  Groups. 
Springer- Verlag,  Berlin-Heidelberg-New  York,  1975. 

[4]  R.M.  Blumenthal  and  R.K.  Getoor.    Markov  Processes  and  Potential  Theory. 
Academic  Press,  New  York,  1968. 

[5]  K.L.  Chung.  Markov  Chains  with  Stationary  Transition  Probabilities.  Springer- 
Verlag,  Berlin-Gottingen-Heidelberg,  1960. 

[6]   D.L.  Cohn.   Measure  Theory.  Birkhauser,  Boston-Basel-Stuttgart,  1980. 

[7]   D.J.  Daley  and  D.  Vere-Jones.  An  Introduction  to  the  Theory  of  Point  Processes. 
Springer- Verlag,  New  York-Berlin-Heidelberg,  1988. 

[8]   D.A.  Dawson.    Stochastic  evolution  equations  and  related  measure  process.    J. 
Multivar.  Anal.,  3:1-52,  1975. 

[9]   D.A.  Dawson.    The  critical  measure  diffusion  process.    Z.    Wahr.    Verw.   Geb 
40:125-145,  1977. 

[10]   D.A.Dawson.  Measure-Valued  Markov  Processes.  Preliminary  Notes,  July  1991. 

[11]  D.A.  Dawson,  K.  Fleischmann,  R.D.  Foley,  and  L.A.  Peletier.  A  critical  measure- 
valued  branching  process  with  infinite  mean.  Stoch.  Anal.  Appi,  4:117-129, 
1986. 

[12]  D.A.  Dawson  and  K.J.  Hochberg.  The  carrying  dimension  of  a  stochastic  mea- 
sure diffusion.   Annals  of  Prob.,  7:693-703,  1979. 

[13]  D.A.  Dawson,  I.  Iscoe,  and  E.A.  Perkins.  Super-brownian  motion:  path  proper- 
ties and  hitting  probabilities.  Prob.  Th.  Rel.  Fields,  83:135-205,  1989. 

[14]  D.A.  Dawson  and  T.G.  Kurtz.  Applications  of  duality  to  measure-valued  pro- 
cesses. In  Lecture  Notes  in  Control  and  Inf.  Sci.  42,  pages  177-191,  Berlin- 
Heidelberg-New  York,  1982.  Springer- Verlag. 

[15]  D.A.  Dawson  and  E.A.  Perkins.  Historical  Processes.  Memoirs  of  the  AMS, 
No. 454,  1991. 

112 


113 


[16]   E.B.  Dynkin.   Markov  Processes  I.  Springer- Verlag,  Berlin-Gottingen,  1965. 

[17]  E.B.  Dynkin.  Regular  transition  functions  and  regular  superprocesses.  Trans. 
Am.  Math.  Soc,  316:623-634,  1989. 

[18]  E.B.  Dynkin.  Superprocesses  and  their  linear  additive  functionals.  Trans.  Am. 
Math.  Soc,  314:255-282,  1989. 

[19]  E.B.  Dynkin.  Three  classes  of  infinite  dimensional  diffusions.  J.  Fund.  Analysis, 
86:75-110,  1989. 

[20]  E.B.  Dynkin.  Superprocesses  and  Partial  Differential  Equations.  Wald  Memorial 
Lectures  (preprint),  1991. 

[21]   E.B.  Dynkin.  On  regularity  of  superprocesses.  Preprint,  page  24  pages,  1992. 

[22]  E.B.  Dynkin,  S.E.  Kuznetsov,  and  A.V.  Skorokhod.  Branching  measure-valued 
processes.  Preprint,  1992. 

[23]  H.J.  Engelbert  and  W.  Schmidt.  On  the  behaviour  of  certain  functionals  of 
the  Wiener  process  and  applications  to  stochastic  differential  equations.  Lecture 
Notes  in  Control  and  Information  Sciences,  36:47-55,  1981. 

[24]  S.N.  Ethier  and  T.G.  Kurtz.  Markov  Processes:  Characterization  and  Conver- 
gence. Wiley,  New  York,  1986. 

[25]  S.N.  Evans  and  E.A.  Perkins.  Absolute  continuity  results  for  superprocesses 
with  some  applications.    Trans.  Am.  Math.  Soc,  325:661-681,  1991. 

[26]  W.  Feller.  Diffusion  processes  in  genetics.  Proc  Second  Berkeley  Symposium, 
pages  227-246,  1951. 

[27]  W.  Feller.  An  Introduction  to  Probability  Theory  and  Its  Applications,  II.  John 
Wiley  and  Sons,  Inc.,  New  York,  second  edition,  1971. 

[28]  P.J.  Fitzsimmons.  Construction  and  regularity  of  measure-valued  branching 
processes.  IsraelJ.  Math.,  64:337-361,  1988. 

[29]  P.J.  Fitzsimmons.  Correction  and  addendum  to  construction  and  regularity  of 
measure-valued  branching  processes.  Israel  J.  Math.,  73:127,  1991. 

[30]  J.F.  Le  Gall.  Brownian  excursions,  trees  and  measure-valued  branching  pro- 
cesses. Ann.  Prob.,  19:1399-1439,  1991. 

[31]  R.K.  Getoor.  On  the  construction  of  kernels.  In  Seminaire  de  Probabilites  IX, 
Lecture  Notes  in  Math.  465,  pages  441-463,  Berlin-Heidelberg-New  York,  1975. 
Springer- Verlag. 

[32]  L.G.  Gorostiza,  S.  Roelly-Coppoletta,  and  A.  Wakolbinger.  Sur  la  persistence 
du  processus  da  Dawson- Watanabe  stable.  L'interversion  de  la  limite  en  temps 
et  de  la  renormalisation.  In  Lecture  Notes  in  Math.  1426,  pages  275-281,  Berlin- 
Heidelberg-New  York,  1990.  Springer- Verlag. 


114 


[33]  E.  Hille  and  R.S.  Phillips.    Functional  Analysis  and  Semi-Groups.    American 
Mathematical  Society,  Colloquium  Publications  Volume  31,  1957. 

[34]  I.  Iscoe.  A  weighted  occupation  time  for  a  class  of  measure-valued  branching 
processes.   Prob.  Theory  Relat.  Fields,  71:85-116,  1986. 

[35]  K.  Ito.  Lectures  on  Stochastic  Processes.  Tata  Institute  of  Fundamental  Re- 
search, Bombay,  1961. 

[36]  M.  Jifina.  Stochastic  branching  processes  with  continuous  state  space.  Czech 
J.  Math.,  8:292-313,  1958. 

[37]  0.  Kallenberg.  Random  Measures.  Akademie-Verlag,  Academic  Press,  Berlin- 
London-New  York,  third  edition,  1983. 

[38]  E.  Kamke.  Differentialgleichungen;  Losungsmethoden  und  Losungen.  Chelsea 
Publishing  Company,  New  York,  third  edition,  1948. 

[39]  N.  El  Karoui  and  S.  Roelly.  Proprietes  de  martingales,  explosion  et  represen- 
tation de  Levy-Khintchine  d'une  class  de  processus  de  branchement  a  valeurs 
mesures.  Stoch.  Proc.  Appi,  38:239-266,  1991. 

[40]  K.  Kawazu  and  S.  Watanabe.  Branching  processes  with  immigration  and  related 
limit  theorems.   Theory  Prob.  Applications,  16:36-54,  1971. 

[41]  J.L.  Kelley  and  I.  Namioka.  Linear  Topological  Spaces.  Van  Nostrand,  Prince- 
ton, New  Jersey,  1963. 

[42]  F.B.  Knight.  Essentials  of  Brownian  Motion  and  Diffusion,  volume  18  of  Math. 
Surveys.  Am.  Math.  Soc,  Providence,  1981. 

[43]  N.  Konno  and  T.  Shiga.  Stochastic  partial  differential  equation  for  some 
measure-valued  diffusions.   Prob.   Th.  Rel.  Fields,  79:201-225,  1988. 

[44]  J.  Lamperti.    Continuous  state  branching  processes.    Bull.  Amer.  Math    Soc 
73:382-386,  1967. 

[45]  J.  Lamperti.    The  limit  of  a  sequence  of  branching  processes.    Z.    Wahr   verw 
Geb.,  7:271-288,  1967. 

[46]   S.  Meleard  and  S.  Roelly- Coppoletta.   A  generalized  equation  for  a  continuous 
measure  branching  process.     In  Lecture  Notes  in  Math.   1390,  pages  171-186 
Berlm-Heidelberg-New  York,  1988.  Springer- Verlag. 

[47]  A.  Pazy.  Semigroups  of  Linear  Operators  and  Applications  to  Partial  Differential 
Equations.  Springer- Verlag,  Berlin-Heidelberg-New  York,  1983. 

[48]  E.A.  Perkins.  A  space-time  property  of  a  class  of  measure-valued  branching 
diffusions.    Trans.  Am.  Math.  Soc,  305:743-795,  1988. 

[49]  M.  Rao.  Brownian  Motion  and  Classical  Potential  Theory.  Lecture  Notes  Series 
No. 47.  Matematisk  Institut,  Aarhus  Universitet,  1977. 


115 


[50]  D.  Revuz  and  M.  Yor.  Continuous  Martingales  and  Brownian  Motion.  Springer- 
Verlag,  Berlin-Heidelberg-New  York,  1991. 

[51]  Yu.M.  Rhyzhov  and  A.V.  Skorokhod.  Homogeneous  branching  processes  with  a 
finite  number  of  types  and  continuously  varying  mass.  Teor.  Ver.  i  ee  Pnmen., 
15:704-707,  1970. 

[52]  S.  Roelly-Coppoletta.  A  criterion  of  convergence  of  measure-valued  processes: 
Application  to  measure  branching  processes.  Stochastics,  17:43-65,  1986. 

[53]  H.H.  Schaefer.  Banach  Lattices  and  Positive  Operators.  Springer- Verlag,  Berlin- 
Heidelberg-New  York,  1974. 

[54]  M.  Sharpe.  General  Theory  of  Markov  Processes.  Academic  Press,  Inc.,  Boston- 
San  Diego,  1988. 

[55]  M.L.  Silverstein.  Continuous  state  branching  semigroups.  Zeit.  Wahr.  verw. 
Geb.,  14:96-112,  1969. 

[56]  S.  Watanabe.  A  limit  theorem  of  branching  processes  and  continuous  state 
branching  processes.  J.  Math.  Kyoto  Univ.,  8:141-167,  1968. 

[57]  S.  Watanabe.  On  two-dimensional  Markov  processes  with  branching  property. 
Trans.  Amer.  Math.  Soc,  136:447-466,  1969. 

[58]  U.  Zahle.  The  fractal  character  of  localizable  measure- valued  processes  3.  Fractal 
carrying  sets  of  branching  diffusions.  Math.  Nachr.,  138:293-311,  1988. 


BIOGRAPHICAL  SKETCH 

Hrvoje  Sikic  was  born  in  Bjelovar,  Croatia  (former  Yugoslavia),  on  Nov. 16,  1959. 
He  was  raised  in  Zagreb,  Croatia,  where  he  finished  primary  school  and  high  school, 
prior  to  enrolling  at  the  Department  of  Mathematics,  University  of  Zagreb,  in  Septem- 
ber 1978.   He  received  diploma  degree  in  mathematics  in  October  1982. 

In  October  1982,  he  entered  the  postdiploma  study  at  the  Department  of  Mathe- 
matics, University  of  Zagreb.  He  received  Magister  of  Mathematics  degree  in  Febru- 
ary 1986.   During  that  period  he  worked  as  a  teaching  assistant. 

The  period  from  March  1986  to  March  1987  he  spent  serving  in  Yugoslav  Army. 
It  was  an  obligatory  service  for  all  male  citizens  in  former  Yugoslavia. 

He  enrolled  at  the  Department  of  Mathematics,  University  of  Florida,  in  August 
1988  as  a  graduate  student  in  Ph.D.  program.  Since  then,  he  has  been  working  as  a 
teaching  assistant  at  the  Department  of  Mathematics,  University  of  Florida. 

He  has  been  married  to  Sonja  Radas  since  June  1988. 


116 


I  certify  that  I  have  read  this  study  and  that  in  my  opinion  it  conforms  to  accept- 
able standards  of  scholarly  presentation  and  is  fully  adequate,  in  scope  and  quality, 
as  a  dissertation  for  the  degree  of  Doctor  of  Philosophy. 


Hwvi^L  \f 


Murali  Rao,  Chairman 
Professor  of  Mathematics 


I  certify  that  I  have  read  this  study  and  that  in  my  opinion  it  conforms  to  accept- 
able standards  of  scholarly  presentation  and  is  fully  adequate,  in  scope  and  quality, 
as  a  dissertation  for  the  degree  of  Doctor  of  Philosophy. 


Zoran  R.  Pop-Sto/anovic 
Professor  of  Mathematics 


I  certify  that  I  have  read  this  study  and  that  in  my  opinion  it  conforms  to  accept- 
able standards  of  scholarly  presentation  and  is  fully  adequate,  in  scope  and  quality, 
as  a  dissertation  for  the  degree  of  Doctor  of  Philosophy. 


(Joseph  Glover 

ifessor  of  Mathematics 


I  certify  that  I  have  read  this  study  and  that  in  my  opinion  it  conforms  to  accept- 
able standards  of  scholarly  presentation  and  is  fully  adequate,  in  scope  and  quality, 
as  a  dissertation  for  the  degree  of  Doctor  of  Philosophy. 


James  K.  Brooks 
Professor  of  Mathematics 


I  certify  that  I  have  read  this  study  and  that  in  my  opinion  it  conforms  to  accept- 
able standards  of  scholarly  presentation  and  is  fully  adequate,  in  scope  and  quality, 
as  a  dissertation  for  the  degree  of  Doctor  of  Philosophy. 


CUv^/vGw 


r-Rc-a^XoWy^ 


Andrew  Rosalsky 
Professor  of  Statistics 


This  dissertation  was  submitted  to  the  Graduate  Faculty  of  the  Department  of 
Mathematics  in  the  College  of  Liberal  Arts  and  Sciences  and  to  the  Graduate  School 
and  was  accepted  as  partial  fulfillment  of  the  requirements  for  the  degree  of  Doctor 
of  Philosophy. 


May  1993 


Dean,  Graduate  School 


UNIVERSITY  OF  FLORIDA 


3  1262  08557  1189 


